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Summary

Today’s economy relies on a worldwide telecommunication network and the integrity of
the sensitive data which is exchanged. Recent discoveries in quantum information science
show that most classical encryption algorithms no longer protect the transmitted data be-
tween a sender and receiver if an undesirable eavesdropper is in possession of a quantum
computer. Therefore, quantum communication is introduced to ensure the safety of the
transmission by the laws of quantum mechanics.

In this work we investigate the capacity of a bosonic quantum channel with a Gauss-
Markov correlated noise, which defines a memory for the channel. At first we construct
a covariance matrix which corresponds to such a memory and determine its properties in
the asymptotic limit. Then we apply the specified memory model to a classical Gaussian
channel where we derive an explicit expression for the capacity in the full input power
domain. In the main body, the quantum mechanical part of this work, we at first treat
the monomodal anisotropic bosonic channel and determine the analytical solution for the
optimal transmission rate when the input power is above a certain threshold. Below this
threshold we apply an approximative solution and present the difference to the real capac-
ity which is determined numerically. The findings of the one dimensional case are than
applied for the infinite dimensional bosonic channel with the previously constructed mem-
ory model. Above a certain power threshold again the full solution is derived, whereas in
the low power regime we test several ansatz for the given problem. In addition we conclude
that a certain degree of entanglement at the input is needed to reach the capacity. Fur-
thermore, we show that in the classical limit of the quantum mechanical solution (above
the power threshold) the corresponding classical results are recovered.



Zusammenfassung

Die weltweite Wirtschaft beruht heutzutage auf der Sicherheit eines globalen Kommunika-
tionsnetzwerkes und der Integritiat der ausgetauschten Daten. Neuste Forschungsergebnisse
der Quanteninformationstheorie zeigen, dass die meisten klassischen Verschliisselungsver-
fahren, die iibertragenen Daten, welche zwischen einem Sender und Empfanger ausge-
tauscht werden, nicht mehr schiitzen, sobald eine Person, die die Daten abhort, iiber einen
Quantencomputer verfligt. Die Quantenkommunikation bietet hier Abhilfe, da sie die
Sicherheit der Ubertragung auf Grund der Postulate der Quantenmechanik garantiert.

In dieser Diplomarbeit untersuchen wir die Kapazitit eines bosonischen Quantenkanals
mit Gaufs-Markow korreliertem Rauschen, welches dem Kanal ein sogenanntes Geddchinis
definiert. Zunéchst konstruieren wir eine Kovarianzmatrix welche solch einem Prozess zu-
geordnet werden kann und bestimmmen seine Eigenschaften im asymptotischen Grenzfall.
Danach wenden wir das spezifizierte Gedachtnismodell auf einen klassischen Gaufskanal an
und bestimmen explizit seine Kapazitat im vollen Eingangsleistungsbereich. Im Hauptteil
dieser Arbeit behandeln wir zundchst den monomodalen, anisotropen bosonischen Kanal
und ermitteln eine analytische Losung der optimalen Transmissionsrate im Bereich ober-
halb eines Eingangsleistungsschwellenwertes. Unterhalb dieses Schwellenwertes wenden wir
eine approximative Losung an und demonstrieren sein Nutzen gegeniiber der echten Ka-
pazitét, welche numerisch bestimmt wird. Die Ergebnisse des eindimensionalen Falls wer-
den daraufhin fiir den unendlichdimensionalen bosonischen Quantekanal mit gegebenem
Gedéchtnis erweitert. Oberhalb eines Eingangsleistungsschwellenwertes bestimmen wir
ebenfalls die exakte Losung fiir die Kapazitit, wobei unterhalb diese Schwellenwertes ver-
schiedene Ansitze getestet und numerisch verglichen werden. Des Weiteren stellen wir fest,
dass ein gewisser Grad an Verschrinkung zwischen den Eingangsmoden initialisiert wer-
den muss, um die optimale Transmissionsrate zu erreichen. Im klassischen Grenzfall der
Kapazitit des quantenmechanischen Kanals finden wir letztendlich die vorher bestimmte
Kapazitat des klassischen Kanals wieder.
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Résumé

L’économie d’aujourd’hui est basée sur un réseau de télécommunication et sur la sécurasi-
sation des données sensibles qui sont échangées. Les découvertes récentes dans la science de
I'information quantique montrent que la plupart des algorithmes de cryptage classiques ne
protégent plus les données transmises entre deux interlocuteurs si un espion indésirable est
en possession d’un ordinateur quantique. Donc, la communication quantique est introduite
pour assurer la sécurité de la transmission & travers les lois de la mécanique quantique.
Dans ce travail nous étudions la capacité d’un canal quantique bosonique dans lequel le
bruit est issu d’un processus de Gauss-Markov, qui modélise la mémoire du canal. Nous
construisons premiérement une matrice de covariance qui correspond a cette mémoire et
déterminons ses propriétés dans la limite asymptotique. Ensuite nous appliquons le modéle
de mémoire spécifique a un canal Gaussien classique et dérivons une expression explicite
pour la capacité dans le domaine de puissance d’entrée maximale. Dans la partie princi-
pale de ce travail, portant sur le canal Gaussien quantique, nous commencons par traiter
le canal anisotropique bosonique monomode et déterminons la solution analytique pour le
taux de transmission optimal quand la puissance d’entrée est au-dessus d’un seuil donné.
En-dessous de ce seuil nous introduisons et testons une solution approchée, puis la com-
parons a la capacité exacte obtenue numériquement. Les résultats du cas unidimensionel
sont ensuite appliqués au canal bosonique & dimension infinie avec le modéle de mémoire
construit précédemment. Au dessus d’un certain seuil de puissance la solution au probléme
est établie, alors que dans le regime faible puissance nous introduisons et testons plusieurs
approches de solution. Nous en concluons qu’'un certain degré d’intrication en entrée est
nécessaire pour atteindre la capacité. De plus nous montrons que les résultats du cas
classique se déduisent de ceux du cas quantique (au dessus du seuil de puissance) dans la
limite classique.
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Chapter 1

Introduction: A Quantum of Security

In its young history quantum information science has originated a broad field of exper-
imental demonstrations such as quantum teleportation and dense coding and technical
applications such as true random number generation and safe communication.

One could consider the gedankenexperiment of Stephen Wiesner in 1970, namely his idea
of quantum money as the hour of birth of this branch of science: if a bank encodes his notes
in non-orthogonal quantum states any attempt to copy them will fail due to the no cloning
theorem, a principle of quantum mechanics, which forbids exact copying of such states.
However, as this “cash” was neither practical nor realizable, it took another 13 years for
the concept to be published [31]. The first impact in quantum information theory appeared
one year later! and is now refered to as the BB84 protocol [2]. Charles H. Bennett and
Gilles Brassard introduced a simple, yet secure way of exchanging a secret key encoded in
quantum states. Any attempt by an eavesdropper to tap the communication will due to
the laws of quantum mechanics, disturb the signal and thus, be detected afterwards. If
this key is then used only once to encrypt a message of the same length (one-time pad),
then full privacy is assured. In classical communication however we are not protected by
principles of quantum physics and always have to fear that the exchanged data has been
eavesdropped. Therefore, most of encryption algorithms which are used today rely on the
complexity of a private key which is used to encrypt the sent information and is only in
the possession of the sender and receiver. The encryption method RSA (developed 1977
by Ronald L. Rivest, Adi Shamir and Leonard Adleman) for instance uses a product of two
large prime numbers to generate the private key. Since the cost of decomposing an integer
in its prime factors with common classical algorithms increases (sub-)exponentially? with
the size of the number, this algorithm is regarded as safe for a certain time frame if the
assumed number pair is large enough. In principle, this holds in reality, as long as there
exists no quantum computer; a machine which can run quantum algorithms. Indeed, in
1994 Peter W. Shor introduced an algorithm which, when run on such a machine, decom-
poses integers in its prime factors in polynomial time [27]. This implies that if a quantum

! Although the protocol was actually already developed in 1983.
The general number field sieve algorithm can factor an integer of size N in

O(exp ((log N)3 (loglog N) %)) [32]
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computer existed today, tomorrow a vast amount of classical encrypted information (using
RSA for example) would be no longer protected. This threat alone justifies the inevitable
convergence towards quantum communication and cryptography.

The first protocols for Quantum Key Distribution (QKD) and quantum cryptography,
such as the BB84 protocol, are only based on Discrete Variables (DV). That means that the
transmitted information is encoded in single particle states, such as the polarization of a
single photon or the spin of an atom. Such 2-dimensional quantum states are called qubits
(quantum bit) and live in a two dimensional Hilbert space. In contrast to the classical
bit which can only be in the state “0” or “1”, a qubit can remain in any superimposed
state between two corresponding quantum eigenstates |0) and |1), such as |¢)) = «|0) +
B 1). A sender, Alice, has therefore the freedom to encode her information in two non-
diagonal bases, where she switches randomly between the two during her transmission to
a receiver, Bob. If an eavesdropper, Eve, now tries to tap the transmission and randomly
applies (in half of the cases) the wrong basis when measuring the captured particle, its
state irreversibly collapses by the laws of quantum mechanics to the basis she chose. If
Alice and Bob compare after the transmission the bases they used (not the information
they exchanged) via a public channel they can with certainty determine whether Eve was
listening or not.

Since the beginning of this century several QKD protocols have been introduced which

are not based on DV, but Continuous Variables (CV), i.e. the quadratures of the quantized
electromagnetic field [20, 13, 30]. The main reason to introduce continuous variables in
quantum communication is its practical feasibility. Preparing and manipulating quantum
states with for instance optical laser modes is a task which is relatively easy in comparison
to the generation and handling of single photon states. Several CV protocols can be
implemented by using linear optics such as beam splitters and phase shifters and efficiently
measured using homodyne detection instead of single photon detectors in the case of DV
protocols. In addition, optical squeezers provide a simple way to generate systems with a
finite (imperfect) degree of entanglement, whereas a perfect entangled state in DV comes
to the cost of a lower success rate when generated. Furthermore, when using CV for
quantum cryptography the best possible attacks (of an eavesdropper) have been already
further specified than in DV cryptography, such as the proof of the optimality of Gaussian
attacks on Gaussian channels. [9].
The mathematical treatment of CV states, although they live in an infinite dimensional
Hilbert space, can reduce to simple finite linear algebra operations. One example are
Gaussian states (which are emitted by optical lasers), where infinite dimensional quantum
states are completely described by finite dimensional covariance matrices.

The investigation of the classical transmission rate® of a specific quantum channel
where the information is encoded in such states is the subject of this work. We structured
the thesis as follows: In Chapter 2 we give at first a short introduction to the needed
mathematical tools of probability theory and define the Markov process. Afterwards we
construct the main noise model which is described by a Gauss-Markov covariance matrix
and which is in the center of focus.

3L.e. the amount of classical information (bits) which is transmitted per use through the channel.



In Chapter 3 the main issues of classical information theory are addressed and the derived
noise model is applied to a classical Gaussian additive channel. We determine and discuss
the full solution of the capacity for this channel.

In the main body of this work, namely Chapter 4, we determine at first an explicit
solution for the optimal transmission rate (above a certain input power threshold) in the
mono modal case and apply the results to the central issue of this thesis: the bosonic
memory channel with Gauss-Markov noise.

Notation and previous knowledge: While an introduction to probability theory and
several basics of linear algebra is provided, most basics of quantum mechanics will not be
repeated in this work. Throughout this work we try to distinguish between scalars, vectors,
etc. in the following way

x = scalar
x, M = vector, matrix
P = operator
|v), (¢| | = | Hilbert space vector

In addition we remark that log (z) always denotes the logarithm to the basis 2 and that
In () denotes the natural logarithm.

A publication based on the results of this work is in preparation.



Chapter 2

Construction of the Gauss-Markov
memory

In the following section we introduce the necessary mathematical background and derive
a covariance matrix for the Gauss-Markov process.

2.1 Probability Theory

This chapter provides the reader with fundamental definitions from probability theory.

2.1.1 Random Variables, density functions, conditional probabilities
Continuous variables

All random variables in the following definitions, if not stated otherwise, live in the whole
real space. Most of the definitions are taken from [14].

Let (2, F, P) be a probability space, with a sample space Q (whose elements are colled the
set of outcomes), a o-algebra F being the collection of measurable subsets of € (whose
elements are called events) and a probability measure P, a function assigning a real value
between 0 and 1, called probability, to each event. A n-dimensional function X : 2 — R”
is called a (n-dimensional) random variable if

{w: X(w) <7} € F,Vr e R". (2.1.1)
For a one dimensional random variable X we define the distribution function
Fx(z)=P(X <z), -0 <z <o0. (2.1.2)

Furthermore, we introduce a density function fx:

T

Fx(z) = /dy fx(y), —o0 <z <oo. (2.1.3)

—00
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We state that
x2

Pla1 < X < 29) = Fx (22) — Fx (1) = /dx Fx(a),

1
o]

Pl—o< X <o) = /d:L’fX(x)—l,

— 00
x

P(X =x) = /da:’ fx(2') =0.

For a n-dimensional random variable X we the joint distribution function reads
FX17X27...7XR(561,J}2,...,:Cn) :P(X1 le,XQ ng,...,Xn S%n), Tk € R. (2.1.4)
Its joint density function is equivalently to the one dimensional case defined as

_ 8nFX1,...,Xn(:C17 ceey xn)

= . 2.1.5
le,Xg,...,Xn(x17x27 7xn) 83?1 83?2, 8xn ( )

For simplicity we give the following definitions in the two-dimensional case. The same
definitions hold for X — X.
The marginal density function is defined as

[e.o]

frw) = [ de fr(o). (2.16)

—00

In addition, the conditional density function for Y knowing the outcome of X, assuming

that fx(x) > 0:

Frixa(y) = fxy(e,y) fxy(zy)
= fx(@) [ dy fxy(ey)

The conditional distribution function for Y knowing the outcome of X. following (2.1.3),
reads:

(2.1.7)

y

FY\X:x(y) = /dy’ fY|X:ac(y,)' (2.1.8)
—0o0

The conditional probability for a n-dimensional random variable X, with X; — X, —
.. — X, follows from the multiplication rule

P(Xl NXoNXsnN.. ﬂXn):P(Xl)P(X2|X1)P(X3|X2 ﬂXl)

s P(Xp [ X N0 X)) (2.1.9)
At last we define the expectation value for the random variable X
00
E(X)= / dz = - fx(x), (2.1.10)

—00
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and its variance

Var(X) = E(X — E(X)).

In the following we will call any n-dimensional random variable X a random vector and
use the short term notations

E(Xl) Var(Xl)
E (X, Var(X

E(X):= (: ?) =p, Var(X) := ( 2) =%, -
E(X,) Var(X,)

Discrete variables

For a random variable X with discrete alphabet X we define a probability mass function
px(zr) =P(X =2x), z€X,
for two random variables {X, Y} the joint and conditional probability mass function

pxy(@,y) =PX =2Y =y), pyx=(y) = Pxy(2:9)
px(z)

To keep definitions readable we will sometimes use a short term notation

p(x) = px(x), f(z) = fx(2), f(2ly) = fx)y=y (@), p(z,y) = pxy(2,y), etc.
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2.1.2 Covariance

The covariance is a measure for correlations or anti correlations between two random
variables X,Y and is defined as

Cov(X.Y) = B((X — E(X))(Y ~ E(Y))
=EX-Y)-E(X)E({Y).
A positive covariance results from positive outcomes for X and Y, a negative covariance

from negative outcomes. If for two random variables X,Y the covariance Cov(X,Y) =0
then X, Y are uncorrelated.

For a random vector X with Var(X) > 0 the covariance matriz is defined as

Var(Xl) COV(Xl,XQ) COV(Xl,Xn)
COV(XQ,Xl) Var(Xg) COV(XQ,X3) cee COV(XQ,Xn)
A= : . :
COV(Xn_l,Xl) ce COV(Xn_l,Xn_Q) Var(Xn_l) COV(Xn_l,Xn)
Cov(Xp, X1) e e Cov(Xp, Xn-1) Var(X,,)

From the definition of the covariance it follows that A is always symmetric and A;; € R.
In addition we state that every covariance matrix is nonnegative-definite
(= positive-semidefinite) and cite here the proof from [14].

Proof. for any vector y € R™,

y Ay =y E (X - p)(X - )7y = Var(y (X - ) > 0. (2.1.11)

From the previous statement, if we assume A to be diagonalizable, follows

- - eq.(2.1.11)
y' Ay=y UAUTy=g"Ag=> Ay’ = 0 (2.1.12)

with A = diag(A1, A2, ..., An), Where {\;} denote the eigenvalues of A and where the
columns of U are the normalized eigenvectors of A.
As (2.1.12) holds, according to (2.1.11), for any y € R"™ we conclude that for the eigenvalues
of any covariance matrix A

A >0, i=1,2..n (2.1.13)

holds.
For the following sections we require furthermore that any covariance matrix A is invertible.
Since

_1I(M_ L 1
det A = A A= det A-1 H‘)\('A’l)’
v L (2.1.14)
Y
1 _)\A—17
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we strengthen the condition in (2.1.13) to

(A)

AM >0 i=1,2,..,n (2.1.15)

One might wonders if there are more conditions on a given matrix to call it a (classical)
covariance matrix. The answer is no: Any real, symmetric, and positive matrix (all eigen-
values are positive) represents a possible physical correlation matrix. [3]

Since the inverse of a symmetric and positive definite matrix is again symmetric (and
positive) the latter statement implies that the inverse of a covariance matrix is again a
covariance matrix.

2.1.3 Gaussian distributions

A Gaussian distributed random vector
X ~ N(p, Kx)

is fully characterized by its first and second moments', that is the mean vector pu = E (X)
and the covariance matrix Kx. Its density function reads:

_ 1 n/2 1 1 T -1 n
fX(:c)—<%> mexp{—g(:c—u) K (:L'—u)}, xzeR". (2.1.16)

Bivariate Gaussian Distribution

Let us assume two Gaussian distributed random variables X,Y, i.e.

(;() ~ N(p, A),

«= (i)

with the mean vector

and the covariance matriz

o2 Cov(X,Y)
A= )
Cov(X,Y) or

with o2, O'Z being the variances of X,Y.
We calculate now the expectation value and the variance for Y, knowing the outcome of
X. According to (2.1.10) and (2.1.7):

B =)= [ dy v frixea) = [ dy-u- Tva““"y) |
—00 —00 dy/ fX,Y(xay/)

'For all higher moments E (Xk) =0,k=3,4,..00.
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Inserting the Gaussian distribution for X,Y as defined in (2.1.16) this leads after some

steps to:
Cov(X,Y
EY|X =2)=py, + 722 ) (x — pg),
Cov(X,Y)?
Var(Y|X =z) = O'Z (1- %)
oio

(2.1.17)

(2.1.18)
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2.2 Stochastic Process, Markov property
The following definitions are taken from [8], but modified.

Given a probability space (€2, F, P) as introduced in section 1, we define a discrete stochas-
tic process
{X;:t € N} (2.2.1)

as a function defined on IN x 2 with values in R, such that Vt € IN
X;: Q2 — R is a random variable, i.e.

{w: Xi(w) <r} e F,VreR.

A stochastic process {X;} is a Markov process if

PXip1 <azpp | Xe =24, X1 =21, X1 = 21) = P(Xpq1 a1 | Xe = 14). (2.2.2)
—_——————— N—— ———— N——

future present past future present

If we regard t = 1,2, ...,00 as discrete time steps the latter can be interpreted as follows:
The probability for the consecutive result of the process {X;} (that is after the next time
step) depends only on the given present and not on the past. Using (2.1.2) and (2.1.8) this
is equivalent to

Fyy | Xo=a, Xa=a1 (Tt41) = Fx, ) | Xy=a, (Tt41)
Ti41 Tt+1

/ dz th+1 | Xi=x¢, Xt 1=xt—1,...,X1=21 (Z) - / dz th+1 |Xt=:tt(z)‘

— 00 —00

(2.2.3)

In the case of a discrete random variable X; € {si,so,...,s,} with outcomes {s;} the
stochastic process is called a Markov chain? if

P(XtJrl = Sk | Xt = Sj,Xt,1 = S4, ...,Xl == Sh) == P(Xt+1 = Sk | Xt == 8]'). (224)
The Markov chain is thus characterized by a transition matriz
pij(t) = P(XtJrl = Sj |Xt = 51’)7 (225)

that is the probability that the random variable, actually (at time ¢) being in the state s;
with index 4 is next (at time ¢+ 1) found in the state s; with index j. In addition we need
to define the initial distribution P(X1 = s;).

Furthermore, we conclude that the conditional probability (2.1.9) for the Markov chain
{X:} reads

P(Xl NXoNXsN..N Xt) = P(Xt ‘ Xt—l) P(Xt_l ’Xt_g) ce P(XQ ‘Xl)P(Xl) (226)

2In the literature the term Markov process is also used in the discrete variable case, but we would like
to stress the difference, when switching the domain.
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2.2.1 Stochastic process with a trivariate (Gaussian distribution

Let us assume the stochastic process X — Y — Z, with

X
X=1|Y] ~ N(/J’v V)
Z
and the covariance matrix
1 —w O
V=]l-w 1 -w|,
0 —w 1

1
weR;0<w< —.

V2

Using (2.1.6), (2.1.9) and (2.2.3), the Markov property is fulfilled if

/dZ/ [2ly=y () = /dZ/ f21Y=yo, X =20 (Z)

/dz’ friz(yo. 2) _ /dzl Ixv.z (zo0,y0,7")

2.2.7
E fy (vo) K Ix (o) fy|x=20(%0) (2:2.7)
/ & friz(yo. #) _ / 2 Ixv,z (%0, Y0,2)
E fy (vo) R fxy (w0, v0)
Since this needs to hold for any integration limit z we conclude that
fY,Z(y7 Z) ;fX,Y,Z (CC,y,Z)
fr(y) fxy (@) (2.2.8)
N ffooo dx/ fX,Y,Z(x/7y7 Z) :fX,Y,Z (xvyvz) o
[ da fxy (e y) fxy (z,9)

to fulfill the Markov property defined in (2.2.2). After some steps of calculation (using
(2.1.16)) one observes that (2.2.8) is violated for the above defined covariance matrix V.
Although one might expects, since Cov(X,Z) = 0, by intuition that the Markov property
should be fulfilled it is not the case since taking the inverse of V leads to cross terms
between X and Z which do not cancel out.
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2.2.2 Markov process with a multivariate Gaussian distribution

In the following we construct a Gauss-Markov process, that is a Markov process where all
random variables are Gaussian distributed.

Let {X;} := X1 — X2 — ... — X,, be a stochastic process as defined in (2.2.1) and the
random vector X T := (X} X» ... XZ-)T have a multivariate Gaussian distribution with zero
mean, i.e.

X ~N(O,T).
To fulfill a priori the Markov property we define
Xi=9Xi1+7Z;, 0<¢<1

where Z; are i.i.d. (independent and identically distributed) Gaussian random variables
and ¢ is the strength of correlation between X; and X,;_1. In addition we request that the
variances of all X; are equal, that is 02 = 012 1= 01 : N. This leads to:

E(Z;) =E(X;) =0,
Var(Z;) =E(Z7) = (1 - ¢*). N

Thus, the nearest neighbor covariance reads

=0
COV(XZ',Xifl) = E(X . Xifl) + E(X) . E(Xz 1)
E((¢Xi1+ Zi) Xio1) = ¢E(X7)) + E(Z) E(X;1)
=¢N, (2.2.9)

Cov (X, Xi—1) = Cov(p Xi—1 + Zi, Xi—1) = Cov(p Xi—1, Xi1)

= Cov(¢"" Xip, Xiog) = ¢' F N.

Hence, the full covariance matrix reads

1 ) 2 P Pt . o P
o 1 o ¢2 AP q;nfl
¢§ ¢2 1 R R ¢n—z
1 n—
I'=N 24 23 ;52 ¢ qf Z;n—zl (2.2.10)
qbn'—l ¢n'—2 . . . . 1 ¢
" q;nfl ) 1

The latter is a so called Toeplitz matriz, which simplifies its analysis. In the following
section we give a general introduction about the properties of these matrices.
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2.3 Toeplitz matrices
The following definitions can be found in [12].

2.3.1 Properties, inverse, asymptotic behavior

A matrix M is called Toeplitz matriz if M, xp = [ty 1k, j = 0,1,...,n — 1], with t; j = t5_;,
has the form

to t-1 to - tpo
1ty t_i :
Moxn =1 t5 t1 to t_
tnfl e tO

The following theorems require several definitions for M.
M is Hermitian if
M=M= M", (2.3.1)
which is equivalent to t_; = t.
M Dbelongs to the Wiener class if {t;} is absolutely convergent, i.e.

> Jtl < oo (2.3.2)

k=—00

If (2.3.2) holds, than the Fourier series
fa)= > te™, welo2n], (2.3.3)

exists and f(x) is Riemann integrable, with Fourier coefficients

27
1 .
ty = — /dm f(x)e ik,
27
0

For the given sequence {t;} or the function f(z) the matrix M is fully determined, thus
M = M(f).
The existence of the inverse of M requires that the essential infimum? of f is greater than
zero, that is

essinf f > 0 (2.3.4)

If the conditions (2.3.1), (2.3.2) and (2.3.4) are fulfilled, then the following statements hold:
If the spectrum A(M) = {A1, A2, ..., A} (i.e. the set of the eigenvalues of M,,,,) is strictly

3The largest essential lower bound of f; in (2.3.4) f(z) < 0 for only a negligible part of z € R.
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positive, then its inverse is asymptotically Toeplitz, i.e. M (f)~! ~ M(1/f).

B —ikx
(M-t 1 e
t =— [ de —— . 2.3.5
h o x @)’ n — 00 ( )
1 2
lim Vdet M = exp o /dm In(f(x)) |- (2.3.6)
n—oo T
0

2.3.2 Spectrum of the Markov covariance matrix

In the following we will apply the theorems of Toeplitz matrices to determine the spectrum
of the covariance matrix defined in section 2.2.2.

Calculating the inverse

From the first view at (2.2.10) the spectrum is not immediate. To obtain the latter we
demonstrate that the inverse, in the limit of large n, is a three diagonal Toeplitz matrix
and hence can easily be characterized. The following is motivated by the statement (2.3.5).
Let us assume the inverse of a covariance matrix A to be

1 —w 0 0 0 0

—w 1 —w 0 0 0

0O —w 1 —w 0 0

1o 1 0 0 -—w 1 -w 0

A — e ,
VT4 | e (2.3.7)

weR;we [wminawmax]

The associated function as in (2.3.3) exists if (2.3.2) holds. Here

> i

k=—00

1 !
= (142w < o,
—— (1+2u)

which confines the range 0 < |w| < 1/2. We will show in the next section that this range
forces the spectrum to be strictly positive.
Hence, we can define

Fai(a) = tB Demim @D LA e 19y cos ().

V1—4w?
Since the latter fulfills (2.3.4) we can, according to (2.3.5), acquire the diagonals of the
inverse of A~!, that is the diagonals of A by computing

(
—_— 2.3.
b k 1 —2wcos (x) (2:38)

(Afl)fl) _ t(A) _ vV 1-— 4w2 /daj‘ e_ikx
27
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Since e~ = cos (kx) — isin (kz) and for any odd function f(x)

a

[ e fa@) =

—a

holds, we rewrite (2.3.8)

i _ \/1—4w2/ e~ ke \/1—4w2/ cos (kx) (2.3.9)

1 — 2w cos (x) 1—2wcosz’

The solution of 2.3.9 can be found in [11](3.613):

k
tl(cA) \/1—4w2/ cos (kx) :m 1 1—+v1—4w?
1—2w cosx V1 —4w? 2w
k
B 1—+v1—4w?
N 2w

(2.3.10)

One immediately recognizes these diagonals as the diagonals of T' as defined in (2.2.10),
except for the substitution

= LT VIZ AW V;JW. (2.3.11)

The domain of ¢ is determined by the domain of w, i.e.

¢
= < 1/2
T 0<w<1/
s0<(1-¢)? <1
=>0<¢p<1.

Hence, by replacing w in (2.3.7) by (2.3.11) we determine the inverse of I' in the limit of
infinite row /column dimensions, that is

¢
1¢ ~Thge 0¢> 0 0
11+ ¢? e 1<z> e 0¢>
F—l — > 0 _W 1 _W 0 ,
N1-¢ (2.3.12)
0 2. 1
1+¢2

0<|¢| <1.
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The latter is the expected result. If we regard again the condition for a stochastic process
to be a Markov-process (2.2.3), i.e.

Ti41 Tt+1
dz X1 | Ximw0, Xy 1=m1—1,0, X1=21 (2) = / dz fx, 1| Xi=w(2), (2.3.13)
— 0 —Oo

we actually see that this is for a multivariate Gaussian density function fx(x) (we recall
that the inverse of the covariance matrix appears in the exponent) only fulfilled if its inverse
is three diagonal, since then only first order cross terms appear.

Eigenvalues, trace, determinant

Now that we know that the inverse of I' (for large n) does not have a complex structure
it will be straight forward to find its eigenvalues. For simplicity we determine the spec-
trum and the determinant of (2.3.7) and afterwards substitute as in (2.3.11) to obtain the
asymptotic spectrum.
The spectrum of the three-diagonal Toeplitz matrix

agn aq 0 0

a_—1 ag aq 0

T = 0 a_1 ag al e s (2.3.14)

can be found in [4]: ‘
i

AET) = ag + 2+/aja_q cos (n 1

where n is the dimension of T'. Thus, we can immediately write out the spectrum of (2.3.7)
by taking ag = 1,a1 = a_1 = —w:

- 1 T
DY S (1 _9 < )) . 2.3.16
Z Vioaer U2 o (2:3.16)

Regarding (2.3.16) we deduce that for any w > 0,w € R

), (2.3.15)

AN Y =102,
s o (2.3.17)
Al (n) > A (n+1) n=1,2,.. 00,
since (2.3.16) is strictly increasing with increasing i and
1 —2wcos(m/n) >1—2wcos(r/(n+1)), nelN. (2.3.18)

Thus if the greatest eigenvalue of A~! is greater than zero for the limit n — oo for fixed
w, all eigenvalues of A~! will be greater than zero for any n € IN. We obtain that

. (A1 1—2w

nh_)ngo A = i (2.3.19)



2.3. TOEPLITZ MATRICES 17

Thus,

-1
AN S0 i=1,2m,
) (2.3.20)
0<w< =,
2
By performing the substitution as in (2.3.11) we obtain the eigenvalue spectrum of T'~!,
that is

oy _1 1 2 mj
— 1 -2 2.3.21
A = %71 ¢2( +¢ ¢cos(n+1)>, (2.3.21)
and for n — oo the spectrum of T’

2

: @) _ @) — -9
lim Ay = A =N 0< 1 2.3.22
oo () 1+ ¢2 —2¢cos (z)’ s¢<l ( )

where we introduced now the spectral parameter x € [0,7]. In addition, using (2.3.6) and
[11](4.225) we find the nth square root of the determinant of I' in the asymptotic limit,
that is

27
n 1
lim vdetT' =exp —/ xln)\r)
n—oo 2
0
™

1—¢?
/dm log N 1+ ¢? — 2¢cos (x)
0

3=

= exp

(2.3.23)

= exp log(N(1—¢2))+%/dx log (1 + ¢* —2¢ cosx)
0

= N(1-¢?).

One notices that all eigenvalues )\;F) are strictly greater than 0 if 0 < ¢ < 1, as claimed in
the previous section. Regarding (2.3. 23) one observes that the determinant of I' converges
to 0 in the limit of large n if N < 3= ¢2, diverges if N > ;=5 and is constant otherwise.
As the trace of a matrix is the sum over all elgenvalueb for finite dimension n it is the
integral over the eigenvalue function in the asymptotic limit.

™

lim Tr(Tpxp) = 1 /d:): AP (z) = N, (2.3.24)
n—oo T

0

Thus, we know that the trace of I' is independent of the correlation strength ¢.



Chapter 3

Classical Part

3.1 Classical Information Theory

In what follows all random variables are considered discrete. The definitions in the con-
tinuous case are equivalent, where all sums over probability distributions are replaced by
integrals over probability density functions. Most of the following definitions are taken
from [6].

3.1.1 Entropy and Mutual Information

The measure of information for a discrete random variable X is related to its Shannon
entropy, which is defined as

H(X)=H(p)=— Y p(z) logp(). (3.1.1)
reEX

The latter has two equivalent meanings: it is the average amount of bits gained by mea-
suring X or equivalently the amount of bits needed to obtain X, which is also called the
uncertainty in X. Furthermore, Shannon showed that the entropy is the lower bound on
the number of bits required to store the outcome of X.
A simple example for (3.1.1) is the fair coin toss: X = h with probability 1/2, X = ¢ with
probability 1/2. The information obtained by observing the coin is H(X) = 1 bit.
For a pair of random variables { X, Y} the joint entropy is defined as

HX,Y)==> > p(z,y)logp(z,y), (3.1.2)
reXyey

that is the measure of uncertainty of X and Y or more precisely the average amount of
bits gained by measuring X and Y. In addition, we define the conditional entropy

H(Y|X)= ) pla) HY|X =2)

rekX
== > () ) plyle) logp(ylz) (3.1.3)
reX yey

— H(X,Y) - H(X),

18
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Figure 3.1: The relationship between the joint entropy, the conditional entropy and the
mutual information

with p(ylz) = p(z,y)/p(x).

The latter is the total uncertainty of X and Y reduced by the information gained by
measuring X or equivalently the remaining bits needed to measure Y (on average) after
obtaining X.

Knowing the previous two definitions we are now ready to define the amount of information
X and Y have in common, that is the mutual information of X and Y

I(X;Y)=H(X)+H(Y) - H(X,Y)

a0 XY (3.1.4)

In other words the mutual information is the reduced uncertainty of X due to the knowledge
of Y.
The relations between the different entropies are outlined in figure 3.1.

In the case of continuous random variables the discrete entropies in (3.1.4) have to be
replaced by the differential entropies

h(X) = — / fx(@) log fx () de
R

(3.1.5)
h(X]Y) = — /fX,Y(xvy) log fx|y=y(z)dz dy ,
R

where fx(z) and fx|y—y,(z) are defined as in (2.1.3), (2.1.7) respectively.

3.1.2 Channel, Memory and Capacity

In the following we introduce the general definition of a channel system as in [6]. However,
in this work we will not treat different encoding and decoding schemes for the channel
systems we investigate.

Consider two parties, commonly referred to as Alice (the sender) and Bob (the receiver),
who would like to share information. For this purpose Alice encodes her message, sends
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W X Y w!
— 1 Encoder Channel Decoder F———
Message encoded recetved estimated

Message Signal Message

Figure 3.2: A classical channel

it via a (noisy) channel where at its end Bob receives the encoded information, tries to
decode it, and thus, reconstruct the original message. In this work we only consider discrete
channels (classical or non-classical), in other words all messages are sent in discrete steps.
In the classical case the exact definition reads:

A discrete memoryless channel is a system composed of an input alphabet X, an output
alphabet ) and a probability transition matrix P(y|x) > 0 specifying the probability that
Bob successfully receives y when @ was sent, with » 3 P(y[z) = 1,Vz € X.

A channel is memoryless if the output for the k-th use of the channel only depends on the
k-th input; otherwise we are using the term channel with memory.

Suppose now Alice uses the previous defined channel n times, or equivalently transmits
sequences € = (x1, X2, ..., iL'n)T of length n. The channel then extends to

(X", Plylz), V"),

where x € X",y € Y™
We define a (M, n)-code for the channel (X", P(y|x),)™) as a system containing:

e An index set Z = {1,2,..., M'}, where each index represents a message W.

e An encoding function E” : T — X", assigning to each message W an input string X
with length n.

e A decoding function D™ : Y — 7 returning an estimated message W' = D"(Y) from
the received output Y,
with a probability of error ¢, = P(W' £ W)= P(D"(Y) # W|X = E"(W)).

The channel system is sketched in figure 3.2.

The immediate question which emerges from the previous definition is how many bits
can Alice and Bob share per transmission? Therefore we first need to define the rate of an
(M,n) code

log M 1

R = bits per transmission". (3.1.6)

A rate R is achievable if there exists a sequence of (2"% n) codes such that the maximal
probability of error rlnea%( € — 0, as n — 0.
The channel capacity for a discrete memoryless channel is the supremum of all achievable
rates. In terms of the mutual information between Alice and Bob, the capacity is defined
as

C =max I(X;Y), (3.1.7)

p(z)

The unit bits will mostly not suppressed throughout this work
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where I(X;Y') is maximized over all possible input distributions p(x) and C' is quantified
in bits.
The channel coding theorem: All rates below the capacity C' are achievable. Specifically,
for every rate R < C, there exists a sequence of (2"%, n) codes with maximum probability
of error maxe; — 0. Conversely, any sequence of (2", n) codes with maxe; — 0 must
have R < ZC’ '

In the following we will sketch the idea of the channel coding theorem. (The exact
proof can be found in [6]).
First, we state the Asymptotic Equipartition Property (AEP), which follows simply from
the weak law of large numbers.
If the set of random variables Xi, X, ..., X, is i.i.d. (= independent and identically dis-
tributed) then according to the probability mass function p(x),

1 1
—logp(z1, 22, 20) = —— ZlOgP(Xz' = z;) — H(X), (3.1.8)

where X ~ p(x) and p(z1,x2,....,2,) = P(X1 = z1,X2 = 9,...,X,, = z,,). Using the
previous statement we define a typical set A" C X™ to be composed by all outcomes
x € X" with

9 HX)He) < () < 27MHX)=) ¢ 5 0, (3.1.9)

According to (3.1.8) the probability for an event to be typical tends to 1 as n — oo. Since

1= Z p(x) =~ Z 27"H(X),

xrEX™ xEX

we conclude that there are in total approximately 2(X) outcomes of the set X1, Xa, ..., X,,.

If we suppose now that Alice’s input sequence is i.i.d., then we can similarly estimate
that there are about 2"#(Y1X) pogsible Y sequences (conditional on the input X) Bob
receives. The number of outcome sequences regarded independently from the input is
approximately 2"7(Y) By dividing the number of possible outcomes by the number of
possible outcomes conditioning on the input we calculate the number of distinguishable
sequences of length n which is less than or equal to

2 ) -HY X)) _ et (3.1.10)

onH(Y|X) = : e
Thus, the maximum number of distinguishable sequences is determined by maximizing the
exponent of (3.1.10) over different input probability mass functions p(z), hence finding the
capacity.

3.1.3 Classical Gaussian channel

We will now introduce the general formulation for a classical Gaussian channel. The model
for the latter is well known and has applications in satellite and deep space communications.
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Most of the notations in this sections are taken from [6].
Assume Alice with input X; communicates via a (discrete, additive) Gaussian channel with
noise Z; (at time i) with Bob who receives the output Y;. Then the latter simply reads

Y, =X, + Z,, (3.1.11)
where X; € X,Y; € V, Z; are random variables, X; is independent from Z; and
Z ~N(0,Ky),

with the noise covariance matrix Kz. As already defined in section 3.1.2, the channel
defined in (3.1.11) has a memory if K has off-diagonal elements. If we want to represent a
physical model we have to introduce a constraint on the input. Otherwise the transmission
rate per use, and hence the capacity of the channel would be infinite. Therefore we impose
a power constraint P for any codeword (x1,z2,...,x,) transmitted over the channel, such
that

n
> i <nP. (3.1.12)
i=1

Using definition (3.1.7) we state the capacity of the Gaussian channel

C= max I(X;Y). (3.1.13)
p(x):% > Var(X;)<P

We rewrite

I(X;Y)=h(Y) - Nh(Y|X)="n(Y)— X+ Z|X) (3.1.14)

because X and Z are statistically independent. h(Y),h(Z) denote the joint entropies
h(Y1,Ya, ... Y0), h(Z1, Za, ..., Zy).

Before treating the capacity of the Gaussian channel with memory we briefly discuss, for a
better understanding, the single variate case and the case of parallel, uncorrelated Gaus-
sian channels.

The single variate case

Let us assume the noise Z; is drawn i.i.d. from a Gaussian distribution with variance N.
Hence, the covariance matrix K for the noise is replaced by the single parameter N and
the expressions (3.1.11), (3.1.14) reduce to the single variate case

Y=X+72

The differential entropy of the noise Z ~ N(0, N) can be calculated in a few steps using
(3.1.5) and (2.1.16):

1
hZ) = §log (2meN) bits,
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where e is Euler’s number. Assuming we saturate the input power constraint P we then
find the variance of Y to be

Var(Y) = Var(X + Z) = Var(X) + Var(Z2)

(3.1.15)
—P+N

By using theorem 9.6.5(6] which states that for a random vector X € R™ with zero mean
and M;; = Cov(X;, X;) its entropy is bounded by the entropy of a Gaussian distribution
with covariance matrix M, i.e.

h(X) < =log ((2me)™ det M),
we can conclude that

I(X;Y) = h(Y) — h(Z) <

1 p
= log(1+ ).
301+ 5)

Hence, the maximal transmission rate per use of the channel is obtained by using a Gaussian
distributed input with variance P which reads

1
log 2me(P + N) — 3 log 2mreN

N —

1 P
C = max I(X;Y)==log |1+ —]. 3.1.16

p(x):Var(X)<P ( ) 2 g( N> ( )
We notice that the capacity is only depending on the signal to noise ratio (SNR) and not
on input and noise separately. In the unconstrained case (arbitrary high input power),
as mentioned before, C' can be infinite, as well as when the noise variance is vanishing,
which allows one to transmit any real number (the input X is Gaussian distributed) with
no error.

Parallel uncorrelated channels

In the following we discuss the problem of finding the capacity of a system of parallel,
uncorrelated channels. Later on we will see that even in the presence of correlations the
approach will be similar. Suppose we have n Gaussian channels in parallel, that is

Yi=X1+21
Yo = Xo+ 2o

(3.1.17)
Yn:Xn+Zna

where Z; ~ N(0,N;) and Zy,Zs, ..., Z, are statistically independent. Furthermore we
introduce a global power constraint for the system

D " Var(X;) < Py. (3.1.18)
=1
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For the mutual information the upper bound can be determined in some steps:
I(X;Y)=hY)—-h(Z)
=h(Y) = h(Z)

i

<Y h(Y:) - h(Z) (3.1.19)

1 P
SZilOg(l+ﬁi>’
(2

where the third line is due to the fact, that the joint entropy is always smaller or equal to
the sum of the separate entropies, (see figure 3.1).
Equality in (3.1.19) is achieved by picking a Gaussian distributed input

X ~N(0,Kx),

with KX = diag(Pl, PQ, ,Pn)
Hence, finding the capacity (3.1.13) is equivalent to finding the best power distribution
(Pf, Py, ..., PY) fulfilling (3.1.18) and

PF>0, Vi (3.1.20)

The latter, a set of inequality constraints, combined with (3.1.18) are also known as the
Kuhn-Tucker conditions and the method for solving this problem is a generalization of the
Lagrange multipliers method. Defining the functional

n

1 P; =
o) =3 s (14 ) o (o0 )
v i=1

=1

differentiating it with respect to P; while setting the result to 0, we receive

0 1

Thus, respecting (3.1.20) we conclude that

Pl =(u—N)", (3.1.21)
such that
> (n— Nt =Py, (3.1.22)
with
x, x>0
()t = { 0 20 (3.1.23)

Thus, for a given noise distribution one has to look for a “water-filling” level u, respecting
(3.1.22). In other words, to optimize the overall transmission rate, one has to induce very
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|:| Noise variance N,
- Induced power P, |-

"Water—filling’

Noise variance / Induced power

1 2 3 4 5 6 7 8 9 10
Channel number

Figure 3.3: Induced power P; vs. channel number 4, such that equation (3.1.22) is fulfilled.

little or no power at all for very noisy channels and a great amount of power for low-noise
channels, (see figure 3.3). With (3.1.19) and (3.1.21) we determine the capacity for the
system of parallel uncorrelated channels, that is

C= % glog (1 + ("_NiNﬁ) (3.1.24)
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Channel with memory

In the previous chapter we treated n channels in parallel with uncorrelated noise. By
adding off-diagonal elements to the noise covariance matrix we introduce a dependence
between the channels. This model can then be regarded in two ways: Either as a system
of n parallel uncorrelated channels which is used one time or equivalently n consecutive
uses of a correlated channel, i.e. a channel with memory.

We rewrite the energy constraint introduced in (3.1.12) as

Tr (Kx) <nP, (3.1.25)

where K x is the covariance matrix of the input and n is the number of uses of the channel
or equivalently the row and column dimension of Kx.
As already shown in the previous section, to maximize the mutual information, we have
to chose a Gaussian distributed input. The noise and the input are still assumed to be
statistically independent, and thus, (3.1.15) extends to

Ky =Kx + Ky, (3.1.26)

and
WY = %bg (27e)™ det (K x + K2)).

Thus, since h(Z) is given by the channel system, the mutual information (3.1.14) is opti-
mized by maximizing h(Y") and hence, the problem is reduced to maximizing det (K x + K).
We may rewrite the latter
det (Kx + Kz) = det (Kx + UzAzUz")
= det (Uyz)det (Uz"KxUyz + Az)det (Uz")
= det (Kx + Ag),

where Ay = diag()\gz),)\gz), vy &Z)) is diagonalized by the unitary operation Uz, and

Kx =Uz; " KxUjy. Since
Tr (UZTKXUZ) — Ty (UZTUZKX) = Tr(Kx),

the energy constraint on the input trace remains unchanged. Using Hadamard’s inequality,
which states that for the determinant of any positive definite matrix M

det M < H Mii7

1

holds, with equality if M is diagonal, we deduce that

det (ﬁX + Az) < H (f{/X,ii + )\EZ)), (3.1.27)
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where AEZ) are the eigenvalues of K.
Hence, in order to maximize the left hand side of (3.1.27), we have to chose Kx such that
it diagonalizes in the same basis as Kz, because
Kx =U;"KxUy = Ax
& Kx = UzAxUZT.

where Ax = diag()\gz), )\gz), - /\%Z)). Now, similarly to the case of uncorrelated, parallel
channels, but in the rotated basis, we have to find the water-filling level p, with

IN{X,n’ =(u— )\(Z))Jr,

7

such that .
Tr (KX) —nP. (3.1.28)

Thus, in order to express the optimal input covariance matrix in the previous basis (as
in (3.1.26)) one has to find the unitary operation which diagonalizes the noise K . The
capacity is then calculated as in (3.1.24).

3.2 Classical channel with Gauss-Markov memory

We now consider the case of a stationary process, that is a process whose joint probability
distribution and hence, mean and variance do not change when shifted in time. A covari-
ance matrix for such a process was already introduced in (2.2.10). We state from [6] that in
the limit of n — oo the density of eigenvalues on the real line tends to the power spectrum
of the stochastic process. Since the eigenvalue spectrum in this limit is no longer discrete,
but continuous, the constraint (3.1.28) has to be rewritten in terms of an integral, that is

%/dw (4= 2D (@)t = P, (3.2.1)

where A(4) () denotes the continuous eigenvalue spectrum of the noise and the integral is
taken over the whole domain of the spectrum, normalized by . The previous water-filling
is therefore transferred to the spectral domain and the capacity reads

1 (= AP ()"
C = p, /dx log (1 + W) (3.2.2)

In some sense we have either infinite uses or a set of infinite correlated channels, labeled
by x, which will be used one time. We will now calculate (3.2.2) for the noise model
introduced in (2.2.10).

First, we varify that the eigenvalue spectrum of the channel indeed tends to the power
spectrum. Therefore we rewrite the results we already found in section 2.3.

The eigenvalue function of (2.2.10), found in (2.3.22), read

1 - ¢?
1+ ¢2 —2¢cosx’

A (z) = XD (z) = N 0<¢<1,zel0n
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A (x) is continous and it has a continuous derivative in [0, 7]. Thus, we can expand the
latter in a Fourier series (see [11][0.325]) of the form

[e.e]
% + ,; ay, cos (kx),

with the coeflicients
i

2

ar = — /dt AT (t) cos (kt).

T
0

These coefficients were already determined in (2.3.10) (with the substitution introduced
in (2.3.11)). Thus, we recover in the limit case, the power spectral density function of
(2.2.10)

- 1
1+ ; 2¢F cos (kz) = N A (),

which confirms the previous statement.
Since the function A*"V(z) is decreasing for 0 < ¢ < 1, we can simplify the left hand side
of (3.2.1)

1 f env 71 [ __yenv
;O/(dw—x ()" = Wa/dw A (2), (3.2.3)

To determine the position o and thus p we need to solve the equation

™

(m—a)p— /d:r A\™(z) =7 P, (3.2.4)

«

see figure 3.6.
In order to simplify the latter we calculate the primitive of A**V(z), that is:

env — 1 + ¢ E = (F)
/dx A (x) = 2N arctan (1 —5 tan (2>) = LY (x). (3.2.5)
Since
LT () = 7N,
we can rewrite (3.2.4) as:
(m—a)p+ LT (a) =« (P + N). (3.2.6)

Once a and p are determined the capacity (3.2.2) reads

1 ™
() — - K
C o /d:r log ()\en"(:p)> (3.2.7)
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Regarding the latter in the uncorrelated case ¢ = 0, i.e. when the noise spectrum is

constant, that is
A(p=0) =N,

we find @ = 0 and the water-filling 4 = P + N. The capacity then reads

C(cl) — % /log (1 + W)
0

N
1 P
=—1 1+ =
2 Og( * N)’
which is just the single variate expression (3.1.16).

For each correlation strength ¢ # 0 we have to distinguish between two cases: the case
when the input power is sufficient to use the whole spectrum, and the case when it is

(3.2.8)

insufficient.

3.2.1 Sufficient power to use the whole spectrum

available power P

a=0 spectral parameter x

Figure 3.4: The input power 7P suffices to “fill” the spectrum completely. o = 0, hence
uw= P+ N. Here ¢ # 0.

For a given input power per channel P we know we will be able to have to include all
channels in the communication at the output if

7P > 7A"(0) — / dz X (x)
0 (3.2.9)

1+¢
P (i),
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where the integral was already solved in (2.3.24), holds. Therefore we define

Py(¢) = <%%}§-—1), (3.2.10)

as the input power which is needed to use the full spectrum. The first line of inequality
(3.2.9) is sketched in figure 3.4. We observe that the power which is needed to use the
whole channel spectrum tends to infinity when the correlation parameter ¢ — 1. This is
obvious, since the highest noise eigenvalue (or the channel with the strongest noise), tends
to infinity as well in this limit, i.e.

: 149
env _
¢1>LH11A (0) _Ndlgnll—gb — 00. (3.2.11)

If we assume that inequality (3.2.9) is indeed fulfilled we set o := 0 and
™
1
M—P+i/WW@_P+N, (3.2.12)
T
0
which is just the total average power of the system. The capacity (3.2.7) reads

™

1 1
O = Dog (P +N) — o /dx log \™(z), P> P,
0

(3.2.13)
=1log (N(1-¢2)),(2.3.23)

1 1 P
=1 — |1+ = P> P

where the integral is simply the nth square root of the determinant of the noise covariance
matrix in the asymptotic limit, which was already found in (2.3.23). We conclude that
in the limit of full correlations ¢ — 1 the channel capacity C’s(d) tends to infinity, since
the logarithm is a monotonically increasing function. This is actually not really surprising
since a full correlated channel would correspond to a channel with the same noise over all
uses. This noise could therefore be dropped and would lead to an infinite transmission
rate.

We plotted in figure 3.5 the capacity vs. the correlation strength ¢ for different noise
strengths N and for a power P = Py(¢) + 1, i.e.

1 1 1
ClP=P+1)==1 : 3.2.14
We observe that with increasing correlation strength the capacities get closer and closer,
since the noise difference (one and two, respectively, orders of magnitude) becomes less
and less important due to the dominance of the two diverging terms.
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N =0.01
- - -N=1
N =10

(ch)

s
IN
T

Capacity C

0 0.2 0.4 0.6 0.8 1
correlation strength ¢

Figure 3.5: Capacity C’S(Cl) vs. correlation strength ¢. For all curves we took P = Ps(¢)+1.
The dotted, dashed and solid line correspond to N = 0.01, 1, 10.

3.2.2 Insufficient power to use the whole spectrum

If the power is insufficient to use the whole channel spectrum (see figure 3.6)
P <P (3.2.15)

is fulfilled. Hence, one has to solve (3.2.6), where

= A" (a). (3.2.16)
The capacity then reads
ol = i(w — a)log \*™ (a) — 1 /dx log A*™ (z). (3.2.17)
1 2 2

As in the previous section we will have a look at the limit of Ci(sd) if the channel becomes
fully correlated. We have noticed already in (3.2.11) that the noisiest channel is diverging

in the limit of ¢ — 1. Since

n—oo N

1 r onv 11 =\
W—N/da:)\ (x) = N lim Tr(KX> =1,
0

the eigenvalue spectrum for ¢ — 1 tends everywhere else to zero in order to keep the
normalization satisfied. Thus, « will tend to 0 and the water-filling p will tend to the
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available power nP

spectral parameter x

Figure 3.6: The input power 7P is insufficient to “fill” the whole spectrum. The water-
filling level p is found at the position « by solving equation (3.2.6). Here ¢ # 0.

power constraint P. This is due to the following reasoning: in LT (z) (see (3.2.5)) the
function % tends stronger to infinity (with ¢ — 1) than tan § to zero (with z — 0), see
figure 3.7, 3.8. Therefore,

lim L) (z) = 7N
¢—1

and using (3.2.6) we conclude that
li =P 3.2.18
lrn1 o ( )

The behavior of the capacity (3.2.17) in this limit can be computed in several steps:

™

1 1
lim Ci(sd) = lim 2—(71‘ — Oé) log/J, — (})1_)1’1’11 % /dm log )\enV(m)

H—1 6—1 21
1 1—(1—e)?
= lim— [ dzl
el—I>I(1)27r/ TS T = a2 —2(1 —€) cos(z) |~ *
0
1 h €
— —lim— [ dz 1 (3.2.19)
Ji%zw/ T OB T O —cos(z)) T *
0
I P ﬂdl (1 — cos(z)) +
= 5 lim log -— —o— x log cos(x Cu
0

=1/2
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M
$=0
Ho=0.4
Ho=0.6

Ho=0.99

Figure 3.7: X*V(z) vs. z for ¢ = {0,0.4,0.6,0.99}, with P =1, N =1 for all plots (for all
¢ we have P < N((1+ ¢)/(1 — ¢))). With increasing ¢ A\*™V(z) is shifted more and more
towards zero. In addition, the different water-filling levels p at positions « are displayed.
With increasing ¢ the water-filling sinks towards P. One observes that « increases and
decreases again with increasing ¢ (for more details, see figure 3.9).
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6.5

waterfilling level u
[62]
6] (2]

a1

4.5

4 . . .
0 0.2 0.4 0.6 0.8 1

correlation strength ¢

Figure 3.8: The water-filling level p vs. correlation strength ¢. The solid, dashed and
dotted curves correspond to N = 3,2, 1. For all graphs we fixed P = 4.

where all terms of order €2 are neglected and Cy = % log P. We also observe that in the case
where not all channels can be used, the overall output rate does diverge in the case of full
correlations. In figure 3.8 and 3.9 the water filling level 1 and position « are plotted vs.
the correlation ¢ for different noises N = 1, 2,3 and with constant input power P = 4. « is
zero in the region where P is sufficient to fill the whole spectrum, according to (3.2.6). For
¢ — 1 « tends for all noise values to zero. We observe that « attains a maximum for some
correlation strength ¢. This somehow reflects the behavior of the noise spectrum which
can be completely filled at the beginning, maximally filled at some correlation strength
and then almost completely filled again, when all but the highest eigenvalue tend to zero
with ¢ — 1. The water filling level is constant in the region where the complete spectrum
can be used, i.e. (3.2.12) holds. In the region where P becomes insufficient to fill the whole
spectrum g decreases towards the limit (3.2.18).
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N
6]
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correlation strength ¢

Figure 3.9: Position a vs. correlation strength ¢. The solid, dashed and dotted curves
correspond to N = 3,2,1. For all graphs we fixed P = 4.

The capacities and positions « are plotted vs. the input power P in figure 3.10 for
different noise strengths N and a constant correlation strength ¢. We started the plot at
P = 0.01. « decreases to zero and at the point where @ = 0 we recover P = FP;. The

capacities are plotted in the region where o > 0 with C(¢) = C’i(sd)

o) = ¢l

and where o« = 0 with
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251

position o and capacity
[
6] N

=
T

0.5

0 2 4 6 8 10 12 14 16
input power P

Figure 3.10: Capacities and positions « vs. input power P for different fixed noises. The
dotted curves show « and correspond from left to right to N = 1,2,3. The solid curves
show Ci(sd), Cs(d), respectively, and correspond from top to bottom to N = 1,2,3. For all
curves we took ¢ = 0.7.



Chapter 4

Quantum Part

This chapter concerns the central topic of this work: the bosonic channel with Gauss-
Markov correlated noise. After treating the monomodal anisotropic bosonic channel explic-
itly we apply most of its results to the multimode channel with the previously introduced
memory model.

4.1 Quantum Optics

The following definitions are taken from [29] and [3].

4.1.1 Quantization of the electromagnetic field

The quantization of the electromagnetic field requires the definition of the source free!
Maxwell equations, that is

V-B = 0 (4.1.1)
0

E = ——B 4.1.2

V x T ( )

V-D = 0 (4.1.3)
0

H = —D 4.1.4

v x oD, (114)

with the electric field F, the magnetic field B, the electric displacement field D and the
magnetizing field H. By introducing a non-physical vector potential A

B = VxA (4.1.5)
3}

E = ——A 4.1.
oA (116)

and the Coulomb gauge V- A = 0, we retrieve by inserting (4.1.5) in (4.1.4) the well known
wave equation

) 1 92

!There charge density and the current density are fixed to zero, i.e. p=0, j = 0.

37
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where ¢ is the speed of light. By decomposing A(r,t) in its orthonormal modes and
inserting A(r,t) in (4.1.6) we receive the solution of (4.1.7) in terms of the electric field,
that is

2
E(’I‘, t) = Z Z E; eé)‘) |:ak7>\ei(k'7'*wkt) + azy}\efi(k-'rfwkt) ’
g (4.1.8)
Ep = %’
2¢g

with the propagation vector k, the polarization vector e,(c’\) (where A stands for the two

possible transversal polarizations, A = 1,2), the angular frequency wy and the complex
amplitudes ay y, O‘Z, y of the mode £, the reduced Planck constant i and the vacuum per-
mittivity eq.

The electromagnetic field is now quantized by replacing the complex amplitudes by anni-
hilation and creation operators:

.
(€79 Oé]g,)\ — Ak, a/k)\'

Since photons are bosons the latter fullfill the boson commutation relations

[&k,,\,&;t/,,\/] = OkkrOan (4.1.9)
[ s e x] = [af 5,y ] = 0.

Furthermore, the Hamiltonian of the quantized electromagnetic field reads?®
ﬁ:;mk (Nﬁ%), (4.1.10)
with the number operator
Ny, = alay, (4.1.11)
and the energy of the vacuum %hwk Hence, we have decomposed the electromagnetic field

into harmonic oscillators, each with energy fiwy(Nj, 4 1/2).

For simpler readability we will from now on change the physical units to natural units, i.e.
setting
h=c=..

I
=

4.1.2 The Quadrature operators

The Hamiltonian (4.1.10) for the mode k in terms of its “position” and “momentum” oper-
ators®, Xy, Py, reads

N 1/~ ~
Hy = 3 (Pk. +w,3x,§) , (4.1.12)

2For simplicity we drop from now on the sum over the two possible polarizations A = 1,2

3These operators do not correspond to the position and momentum operators (=observables) of a
particle as in “ordinary” quantum mechanics. The naming stems from the fact that they obey the same
commutation relations.
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with

(4.1.13)
Ak:—’L‘ Wk<k—aT>
2 k
which fulfill the well-known commutation relation
{Xk,ﬁk,} — G (4.1.14)
From now on we will always use the dimensionless notation
.Cl?k_ﬂ Xk— ak —ak—l—a};
(4.1.15)

. /1 1 i
e =0\ 5 b, =S(ay) = 21(%-%)

with the commutation relation
o 7
[Th, Prr] = 55%/-

These operators represent the quadratures of the mode k, which corresponds in the classical
regime to the real and imaginary parts of the oscillator’s complex amplitude.

As a result from the commutation relation (4.1.2) follows the famous Heisenberg uncer-
tainty princple:

AT Apy > (4.1.16)

wlv—*

where AA denotes the uncertainty of the predicted measurement outcome of the observable
A:
AA = (A% — (A)°. (4.1.17)

4.1.3 Fock/Number states

The Fock state or number state is a quantum state with a well-defined number of particles
(here photons). Thus, by Heisenberg’s uncertainty principle, it has a completely random
phase. It is the eigenstate of the number operator defined in (4.1.11), i.e

alay [ng) = ng nk) ,

where |nj) denotes a fock state with photon number n; = 0,1,...,00 associated to the
mode k. The ground state (or vacuum state) is defined by

ax |0) = 0.
The actions of the annihilation and creation (or “ladder”) operators read

&k ]nk.> = /N \nk — 1>

AT (4.1.18)
ap |nk) = vVng +1ng +1).
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Furthermore, the number states provide an orthogonal,

and complete
o0

> lnw) (ni] =1

n=0

basis which spans the so called Fock space.

4.1.4 Coherent states

In contrary to the Fock states coherent states have a precise phase and thus, a completely
random number of photons. The coherent states belong to the class of minimal uncertainty

states. These are states which saturate Heisenberg’s uncertainty principle, i.e.
1
ATAp = 3 (4.1.19)

In addition, the quadratures of a coherent state have equal uncertainties, that is
Az = Ap.

A coherent state |() is generated by “displacing the vacuum” in the phase space by the
complex number (, that is

D) [0) = 1¢).
with the unitary displacement operator

D(¢) = eS8 =Ca, (4.1.20)

where af,a are the creation and annihilation operator. Furthermore, the displacment
operator fulfills the following properties:

DY(¢)aD() =a+¢, (4.1.21)
DY(¢)a' D) = a+¢*

In addition we state that coherent states are eigenstates of the annihilation operator, i.e.
al¢) =¢l¢).

At last, we remark that coherent states are non-orthogonal, that is

(GG P = 7116l

However, coherent states satisfy the completeness relation
1 2
T

where d?¢ = dR(¢) d3(C).
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4.1.5 Squeezed states

The squeezed state also belongs to the class of minimal uncertainty states. Unlike the
coherent state with symmetric uncertainties, its quantum fluctuations in one variable are
reduced at the expense of the fluctuations in the other, such that (4.1.19) is always fulfilled.
The squeezed states are generated by using the unitary squeezing operator

S(e) = exp [%(e*aﬂ ~eat?), (4.1.22)

where € = re%?, with the squeezing parameter r and the squeezing angle ¢. One may
create an arbitrary squeezed state by squeezing the vacuum and afterwards displacing it,
that is

¢, €) = D(C)S(e) [0) -

4.1.6 Gaussian states

Gaussian states may be represented in the Fock basis or the coherent basis (i.e. the
state space). However, it is often easier to switch to the phase space where we treat the
Gaussian state in terms of its quadratures. Similarly to the classical case, where a Gaussian
distributed random variable is fully characterized by its first and second moments (see
section 2.1.3), in the quantum case a Gaussian state is fully characterized by the first and
second moments of its quadrature operators. The following expressions are taken from [17]
and [3].

At first, let us group the quadratures of an n-mode state together in one 2n-dimensional
column vector

~

R= (ilaf%“'vjjnvﬁlaﬁ%'--aﬁn)T, (4123)

where the quadratures satisfy the commutation relations, as defined in (4.1.14), and thus
PO i
[Riy Riqn] = §Jk,k+n, k=1,...n

with the symplectic (or commutation) matriz

_:H-nxn (Dn><n

Jonxon = < O ]1"*") : (4.1.24)

Next, we define the mean
m=(R)="Tr (pR)

with the density operator p and furthermore, the covariance matrix

Y= ((R—m) p(R_m)T) (4.1.25)

The density operator p is called Gaussian, if

~ 1
Tr (p exp (z'RTz)> = exp <—§zT7z + imTz), (4.1.26)
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holds, where the right hand side is called the quantum characteristic function, and z'T =
T . . . L.

[€1,22, ..y Tn; Y1, Y2, -, Yn] 1S & 2n-dimensional real column vector. In addition to the

conditions on a covariance matrix in the classical case, as already mentioned in section 2.1.2,

a covariance matrix v generating a Gaussian state p must obey Heisenberg’s uncertainty

principle, expressed by

~ - %J > 0. (4.1.27)
In addition we state, that an n-mode Gaussian state p is pure, if

1

det 2, x2n = 167

In the following we present the covariance matrices for one mode states which will be used
often throughout this work.

Vacuum The vacuum has zero mean and is centered at the origin of the phase space. The
variances are the so called vacuum fluctuations, i.e. the saturated Heisenberg inequality.
The covariance matrix therefore reads

1/1 0
Yvac = 5 (0 1) . (4.1.28)

Coherent state The coherent state is simply the displaced vacuum. The second mo-
ments are unchanged and read as in (4.1.28).

Squeezed state The squeezed and displaced vacuum with squeezing factor r leads to

the covariance matrix
1/er 0
Ysqu = 5 ( 0 62r> . (4.1.29)

If » < 0 the state is squeezed in the Z-quadrature and anti-squeezed in the p-quadrature,
if > 0 the state is anti-squeezed in & and squeezed in p.

Thermal state The thermal state, i.e. the state of the harmonic oscillator in thermal
equilibrium with average number of photons 7 with zero mean is given by the covariance

matrix
1 /om+1 0
Yth = ) ( 0 9 & 1) . (4.1.30)

For a thermal state with zero average photons or equivalently zero temperature we recover
the ground state of the oscillator which is again the state of the vacuum (4.1.28). Schematic
representations of the mentioned one mode states are shown in figure 4.1.
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R
\

Figure 4.1: Left image: Phase space (schematic) representation of the uncertainty of the
vacuum state (centered around zero) and a coherent state, i.e. the displaced vacuum. Right
image: Phase space (schematic) representation of a displaced squeezed state (ellipse) and
a thermal state (big circle).

Gaussian unitary operations When applying a unitary operation U on a Gaussian
density operation p by
p—UpUT, (4.1.31)

the corresponding covariance matrix v undergoes a symplectic transformation S € Sp(2N,R)
[1], that is
~y—SyST. (4.1.32)

Both, the unitary and the symplectic transformation preserve the canonical commutation
relations. For the symplectic transformation this condition reads

SJST=1J. (4.1.33)

Within the set of symplectic transformation there are the so called passive transformations
which preserve the trace of J and therefore do not change the number of photons of the
state. An example for such a transformation is the action of a 50:50 beam splitter on two
incoming modes, given by

SBs=< V71 mﬂ) (4.1.34)

VI—T1 T,

where T is the transmittivity.
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4.2 Quantum information theory

4.2.1 A few words about entanglement

The maybe most interesting phenomenon of quantum mechanics is entanglement between
quantum states, which leads to a “spooky action at a distance” (Einstein). This property of
nature, although already discussed by Erwin Schrodinger in 1935 [25], is still an everyday
topic in metaphysics or philosophy as it is lacking any intuitive explanation. In discrete
variables we define an entangled state as follows. Suppose we have two photons A and B
which both can be in one of the two eigenstates |0) or |1) (for example the horizontal and
vertical polarization). We denote the state of photon A by [¢)) , and the state of photon
B by |¢)z where both live in the two dimensional Hilbert spaces H 4, Hp, respectively.
Let us assume that both photons are always polarized orthogonally. If we do not know the
initial state of A and B simultaneously and superimpose both states then the composed
system can be for instance in the following state:

W) ap = % (10)4 5 +11)410)5), (4.2.1)

where the total Hilbert space Han > |¥),p5 is not separable, i.e. Hap # Ha ® Hp.
This means that if one detects now that particle A is horizontally polarized then particle
B will always be detected vertically polarized and vice versa. This “spooky action” is
instantaneous and has been confirmed experimentally over distances of over 100km [28].
Since no information is exchanged this is not a violation of the speed of light. However,
as long as one does not perform a measurement on either of the particles the total system
remains entangled. In contrary to the perfect entangled DV state (4.2.1) the entangling of
for instance laser modes in CV will be imperfect.# Since we will be dealing with entangled
Gaussian states later in this work we introduce now the two-mode squeezed vacuum state,
which is a two-mode entangled system. Assume we prepare two one mode squeezed states
as introduced in (4.1.29), where one mode is squeezed in the & quadrature, the other one
in the p quadrature. The covariance matrix of the total system then reads

e 0 0 0
110 e2 0 0

T=51 ¢ 0 2 o |’ (4.2.2)
0 0 0 e

with squeezing parameter r. By sending both modes through a 50:50 beam splitter (see
figure 4.2) we will receive the entangled output system®:

“However, we remark that the perfection of entanglement in DV comes together with a lower success
rate for the generation of such states, while in CV finite degree entangled states can be easily prepared.
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>

BS

Figure 4.2: Two Gaussian modes, one squeezed in x, one squeezed in p enter a 50:50 beam
splitter. The two outgoing modes are in a two mode entangled state.

cosh 2r sinh 2r 0 0
o = 1 sinh 2r  cosh 2r 0 0 ’ (42.3)
2 0 0 cosh2r  —sinh2r
0 0 —sinh2r  cosh 2r

We observe that the position quadratures are correlated, while the momentum quadratures
are anti-correlated, i.e.
AZy —dg = Ap1 +po=e 7, (4.2.4)

In the limit of infinitely squeezed two modes (before the beam splitter), i.e. 7 — oo the
correlations and anti-correlations become perfect and one retrieves the EPR pair, intro-
duced in the famous gedankenexperiment by Einstein, Podolski and Rosen in 1935 [7]
which lead them to the belief “that the description of reality as given by a wave function
is not complete”.

4.2.2 Von Neumann entropy

Parts of the following content are taken from [23].

Similarly to the Shannon entropy which defines the uncertainty of a random variable the
von Neumann entropy measures the uncertainty of a quantum state. At first, we define the
density operator p as a composition of an ensemble {|z)} € H according to a probability
distribution p(z), that is

p=7 p)lz) (x| (4.2.5)

p is Hermitian (p! = p), positive-semidefinite and has trace one. In addition, we remark
that a quantum state defined by p is in a pure state if Tr (pQ) = 1 and in a mized state

This is done mathematically by applying the beam splitter operation (4.1.34) on the covariance matrix
(4.2.2)
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otherwise.
For a given quantum state p we define the von Neumann entropy as

S(p) = —Tr (plogp). (4.2.6)

Given the eigenvalue spectrum {\;} of p the latter can be expressed as
S(p) = _Z)‘i log \;
i

= H(),

where H denotes the Shannon entropy as defined in (3.1.1). As two examples of (4.2.6)
we remark the two states which minimize and maximize it, respectively.

The pure state which can be expressed in terms of [1), that is py = [1)) (1|, has no entropy.
That means, that the system is with certainty in one eigenstate state, namely |1} ()|, and
hence all eigenvalues of p, except one are zero and thus, S(py) = 0.

In contrary, the completely mixed state (in a d-dimensional space) p = > 1/d|x) (x|
has a constant eigenvalue spectrum and the maximum entropy logd. Hence, it is equally
probable to find the system in any of its basis states {|x)}.

For a state pap € Hap, composed by two systems A and B we state the joint entropy

S(pap) = —Tr(paplogpap)

and equivalent to the classical definitions, the conditional entropy and mutual information

S(palps) = S(pas) — S(ps), (4.2.7)
I(paspp) = S(pB) — S(pBlpa). (4.2.8)
In addition we state the subadditivity property:
S(paB) < S(pa) + S(pB), (4.2.9)
where p4, pp, are defined via the partial trace:
Tra(pap) = pB- (4.2.10)

Equality in (4.2.9) holds if and only if pap = pa®pp, i.e. if the system is seperable. Unlike
the Shannon entropy the von Neumann entropy has some counterintuitive properties. In
the classical case, given two random variables X and Y, the uncertainty of X can never
be higher than the total uncertainty of X and Y, that is

H(X) < H(X,Y).

In the quantum case, however, this inequality can be violated. Consider the entangled
state (analog to (4.2.1)) ,

’wAB> - \/5
where |00) (|11)) denotes that both qubits are in the state |0) (|]1)). While, pap =
|Yap) (Yap| is in a pure state (S(pap) = 0) the system A may be in a maximally mixed
state pa = 1/2(]0) (0| + |1) (1]) (S(pa) = 1). Thus, in this example

S(pslpa) <O0.

(100) + [11)),
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4.2.3 Quantum channels

Quantum channels have a wide application in the concept of quantum information theory.
At the same time they can be used to describe the transmission of quantum states over
distances (using for instance optical fibers) and the process of saving quantum information
on a storage medium (using for instance trapped ions). The following definitions are taken
from [22] and [19].
As for classical channels, we assume again a sender Alice and a receiver Bob. Instead
of random variables we are now dealing with observables and density operators. The
observables of a quantum system are given by bounded linear operators on the Hilbert
space H, denoted by B*(H). The density operators p, representing the physical states, are
living in the dual space B(H), p € B(H).
We denote Alice’s input register by A = B(H 4), Bob’s output register by B = B(Hp) and
the set of environment states by & = B(Hsg).
We define a quantum channel T in the Schrédinger picture® as a completely positive trace
preserving map, which transforms Alice’s input states (living in .A) into Bob’s output states
(living in B) as

T: A— B. (4.2.11)

Given the input state pa € A, the environment state pg € € the act of T in a general form
reads

Tpa] = TrE<UAE (A ® p) UI‘E), (4.2.12)

where Uxg is an unitary operator describing the common evolution of the inital system
and the environment. In other words, the global system, including a generally noisy envi-
ronment, evolves according to Uag and is then reduced to the output by “tracing out” the
environment.

(4.2.11) can be equivalently represented in the Kraus form as

Tlpal =Y VipaV;, (4.2.13)
j

with the Kraus operators Vj fulfilling > V]TVJ = 1.

J
There is a class of channels for which V; — ,/p; V;, that means that the operator Vj is
applied on p4 with probability p;, which will come in handy for further channel definitions.
Hence,

T'lpal =Y p; VipaVy. (4.2.14)
j

Before we move on to further channel definitions we impose a rather intuitive physical
constraint: throughout this work we assume all channels to be causal channels, that are
channels for which outputs up to some (discrete) time step ¢ do not depend on inputs at
times ¢ > t.”

SWhile in the Schrédinger picture states evolve in time and observables are kept constant, in the
Heisenberg picture the opposite holds.
"For a formal definition one should take a look at [19].
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Memoryless channels

Let us now assume Alice choses a message of length n from a classical alphabet and wants
to transmit it to Bob using a quantum channel. In general this message is then encoded
in a quantum state p4 sent through the channel and afterwards decoded®.

We define the memoryless quantum channel, that is a channel which acts on each input
state independently of the previous input, in terms of the general representation (4.2.12)
as

T™[pa] = Tr (UAnEn Uy 1Boy - Usipy (pa @ pp) Ul g, - Ul g, - ULE”),
(4.2.15)
where pa represents a possibly entangled input state for the n channel uses, the uni-
tary operations Uga, g, are all identical, and the environment is a product state pgp =
10)g, Olg, ®---®[0)p (0, . Hence, for memoryless channels the statement

T [pa] = T*"[pa]

holds, where T'[p4] reads as in (4.2.14).
In terms of the Kraus form (4.2.14) with probability distribution p;, per use k, the mem-
oryless channel can be expressed as

TOpal =33 D i P (Vi @ @ Vi) pa (Vi @ @ V). (4.2.16)

i1 12 in
Channels with memory

A quantum channel with memory, as already mentioned in the classical case, has a noise
which is correlated between subsequent uses of the channel. Depending on the noise model
the representations may differ. In the case where the correlated noise state pg corr can be
generated from the previous product state pg by a unitary operation g as

PEcorr = QUE PE QE,
we can write the action of n channel uses similar to (4.2.15)
T [pa] = Trg (UAnEn c Unypy (A @ pEcor) Ul g, -+ UIXnEn)’ (4.2.17)
but, due to the correlations in pg corr

T [pa] # T*"[pa).

In the Kraus form the joint probability distribution p;, ;,.... 4, no longer factorizes and hence

TOoal = 3" > Py Vi © . @ Vi) pa (Vi @ @ V). (4.2.18)
71 in

8 As in the classical case we do not treat encoding and decoding methods in this work but just the action
of the channel.
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Markovian correlated quantum channel

The Markovian correlated quantum noise channel of length n is defined (in the Kraus
Form) as

T [pa] = Z T Zpinﬂn_lpin_l\in_g " Pislin Piy
i1 in

x (Vi, ® . ® Vi) pa (Vi @ . V),

(4.2.19)

where Vj;, are the Kraus operators for the k-th use of the channel with probability distri-
bution p;; and transition matrix p;, |;, , asin (2.2.5). Regarding the way the probabilities
factor we recognize the relation between the joint and the conditional probabilities as in
(2.2.6). In other words, the noise has just a nearest neighbor memory.”

Binary symmetric channel

In order to understand the Kraus representation of the Markovian correlated channel
(4.2.19), let us have short look on a simple example, i.e. a simplification the model pre-
sented in [21].

Assume the input to be a qubit in a pure state p. Now we define a set of Kraus operators

‘/'i = \/ZTiO—ia

where i = 0,2,y,2, ), p; = 1 and o; are the Pauli operators

0 1 0 —1 1 0
Jg;—(l O)’Uy_(i O)’U’Z—<O _1), (4.2.20)

and with o9 = 1. A possible action of the channel (i.e. the interaction with the envi-
ronment) could be a rotation by the angle 7 around the axis {x,y, z} with probability
{Pz, py,p-} and no rotation with probability po.

By setting {po, pz,py,p-} = {1 —p,0,0,p} and inserting the Pauli operators into (4.2.14)
we define the “binary symmetric channel”, where the input qubit is flipped with probability
p and transmitted unchanged with probability 1 — p, that is

Tlpl = po.pal+(1-p)p.

Now, let us define the transition matrix

D, i1 — (1 - X)plk +X5’ik,ik_17 1= Ovzvk = 1727 ceey

where x € [0,1] and pg, = 1—p, p,, = p and assume the Markovian model (4.2.19). Hence,
with probability x the qubit at time step k will be effected by the same noise as the qubit
at time step k — 1 and with probability 1 — x the noise at time step & is uncorrelated with
the previous noise. Thus, if the qubit £ — 1 has been flipped, the qubit & will be flipped
again with probability y, if the qubit £ — 1 was transmitted unchanged, the qubit k£ will
be transmitted unchanged with probability x.

9In the literature this channel is often called “memoryless”’, because the noise of the future just depends
on the present and has no connection to the past (i.e. a one step connection). Here, however, we use the
term channel with memory, as in [21].
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4.2.4 Classical capacity

In the following we will focus on the transmission of classical information between Alice
and Bob via quantum states. Therefore we treat only the classical capacity of quantum
channels, which will be defined in terms of the amount of classical bits which can be shared
by the sender and receiver (analog to the classical case) and leave out the definition of the
quantum capacity, which is defined in terms of shared quantum information. For further
information one should take a look at [18].

The Holevo bound

If Alice and Bob intend to share classical information via quantum states, then there is a
fundamental upper bound on the mutual information of Alice and Bob, called the Holevo
bound [23]:

Alice prepares a state px, where X = 0,1, ...n with probabilities pg, ..., p,. Bob performs
a positive operator-valued measurement, that means he applies an operator Ey of the set
{Ey, ..., Ey}, with

EBy=FEf >0, Y E, =1
)

on Alice’s state, with measurement outcome Y with the conditional probability
P(Y|X)=Tr (Eypx) .
The Holevo bound states, that for any such measurement of Bob

I(X§Y) < S(ﬁ) - Zp:v S(px)v (4'2'21>

with the mixed state p = ) ps pz, the mutual information I(X;Y") (see (3.1.4) and the
von Neumann entropy S(p) (see (4.2.6)). The right hand side of (4.2.21) is called the
Holevo x-quantity

x(px,px) = S(p) — Zpa: S(pa)- (4.2.22)

One-shot capacity

Given a quantum channel T' we introduce the one-shot classical capacity or product state
capacity of T [26]

Ci(T) = max x(pi, T'[pi])

= max S (szT[Pz]> - ZPiS(T[Pi])a

(4.2.23)

PiPi
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where x denotes the Holevo quantity (4.2.22) and the maximum is taken over all ensembles

of {p;, pi} of possible pure input states'® p; which fulfill the energy constraint!!

S piTre (pi &Ta) <m. (4.2.24)
7

The term “one-shot” means that only one invocation of T is needed to calculate (4.2.23).
If Alice uses n copies of T, then C(T) is the upper bound of all rates at which Alice can
transmit classical information to Bob using only product states (p; ® pa... ® py,) as input.
Hence, in order to call (4.2.23) the capacity of T®™, Alice has to use only one copy of T at
a time, and therefore any entanglement between the input states pi, ps, ... is not allowed.

Capacity of entangled channels

We mentioned in the previous section that, in order for expression (4.2.23) to hold as the
capacity, Alice cannot entangle their subsequent uses. However, we can consider n copies
of T and prepare them in one entangled state (i.e. entangle the channels with each other).
This entangled system can be regarded as a new single channel 7™ # T®", For this
channel we state the definition [26]

1
Cp(TM) = ~ max x(0i, T™ [pi]), (4.2.25)

where the maximum is now taken over all (pure) input ensembles, even entangled states,
fulfilling (4.2.24). Thus, (4.2.25) denotes the upper bound of the amount of bits which
Alice can send per letter to Bob, if Alice is allowed to use the elementary channels in
entangled blocks of length n.

For the memoryless lossy bosonic channel and a more general class of memoryless Gaus-
sian channels (including the additive channel) it was proven that entanglement is not useful
[10, 15]. That means that the capacity of such multimode channels is achieved by using a
sequence of (not entangled) coherent states as input!2.

For memory channels the first evidence that entanglement enhances the transmission rate
(in comparison to separable product states) was found in [21], that is the general depolar-
ization qubit channel with memory as treated in section 4.2.3. Furthermore, entanglement
was shown to be useful for the two mode Gaussian additive channel with correlated noise
[5] and recently for a non-Markovian correlated noise model in [24].

For the limit n — oo we define the asymptotic capacity

C(T™) = lim C,(T™). (4.2.26)

n—oo

101 [26] it was shown, that a pure input is better than any mixed input, since any mixed state can again
be expressed in terms of pure states.

YIf {a',a} are the creation and annihilation operators of laser modes than (4.2.24) stands for the
maximum mean number of photons at the input of the channel.

12Throughout this work we do not question the conjecture that Gaussian states achieve the capacity of
Gaussian channels.
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4.2.5 Bosonic Gaussian channel

In the following we will present a quantum analog to the classical Gaussian channel pre-
sented in section 3.1.3 - 3.1.3.

More specifically we will treat the bosonic channel, that is a continuous-variable quantum
channel acting on a bosonic field, as for instance the electromagnetic field. This electro-
magnetic field is assumed to contain n Gaussian modes (for instance light waves fulfilling
the boundary conditions of an optic resonator) which are described by a 2n by 2n covari-
ance matrix, since each mode has a & and a p quadrature. The quantum input will still
undergo a classical noise, which is physically a displacement of the modes in the phase
space. Therefore the noise is now also represented by a 2n by 2n covariance matrix. We
will encode than our classical information in terms of displacements of the input modes,
as well. The classical information encoded per mode is given by a complex number whose
real part is the z-displacement and whose imaginary part stands for the p-displacement
(see figure 4.3 for a schematic represenation of such an encoding). Thus, in addition to
the covariance matrix of the quantum input we will need to introduce a covariance matrix
for the classical displacement of the modes. In a presence of a memory of the channel it
was already shown in [5] and [24] that entanglement between the modes can increase the
classical transmission rate. However, it is not yet fully understood how much energy to
devote to the preparation of the quantum input (entanglement does not come for free!)
and how much energy to leave for the classical modulation of the signal such that the
overall transmission rate is optimal. The investigation of this problem will be the central
question of the following chapters.

If needed, the reader should have a look at appendix (A), where we treated the entropy of
Gaussian states, before moving on to the following sections.

General model

We introduce now the general mathematical description of the bosonic channel for an
arbitrary number of modes whose act will throughout this work always be described by a
displacement of the input.

The classical information we would like to transmit through the channel is given by the
vector

T

a=R{ar}, ... ®{an}t; Har}, .., S{an}) (4.2.27)
and encoded in the quantum input state denoted by p!t. This means, that each letter a;
is encoded in a displacement according to the density function

1 1,
—~aly lial, (4.2.28)

Q) = —————— exp |
7/ det (Ymod) 2

where vYmoq denotes the covariance matrix of the modulation. The classical Gaussian noise
of the channel is given by the density function

floa, ...

1

femr B B = e

1 _
€xp [_QQT ’Yen{/ ] (4229)
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Figure 4.3: Schematic representation for the encoding of the classical information a =
(a1, g, ..., an)T in a sequence of displacements in the phase space.

with covariance matrix “eny and

B=R{B}, ., R{B 1 SO}, ., S{B DT (4.2.30)

Then, the act of the bosinic channel T on the quantum input reads

Tpin) = / 2B, / Py / By Fors (1, B os )
X D(Bn) ® ... ® D(B1) p2 DT(B1) ® ... ® D'(Bn),

(4.2.31)

where d?B; = dR{B;}dS{B;}, D(B;) = ¢%9%% denotes the displacement operator
(4.1.20). Compared to the Kraus representation (4.2.14), now an integral replaces the sum
because we are working with probability density functions (see 2.1.3) instead of probability
distributions. The channel (4.2.31) is memoryless when the noise of all uses is uncorre-
lated and hence, vepny is diagonal (analog to the classical case in section 3.1.3). Then the
n-variate density function factorizes to a product of n bivariate density functions (two
quadratures for each channel). In general, we assume ~en, to be non-diagonal and thus
T to be a channel with memory (examples will be discussed in the following sections).
The input p' is a multimode (possibly entangled) Gaussian state with characteristic func-
tion (4.1.26)

A 1
Tr (p exp (iRTz)) = exp (—Eszyinz), (4.2.32)

with input covariance matrix iy, B = (£1,..., 2n;P1, ..., Pn) ", Where Zj,p; denote the

quadratures of the input modes. As we have two components for the input of the channel,
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the quantum input and the classical modulation of the input, we have to denote two
quantum outputs, namely the quantum and overall (classically modulated) output state:

pa" = Tlpk)

) 4.2.33
p= [ das@ T, —

where p contains the actual information and p2 is just the unmodulated input state which

suffered the noise. It was shown in [17| that a Gaussian input which is modulated with
a Gaussian density function is again a Gaussian state. Hence, we can write the channel
operation (4.2.31) completly in terms of the covariance matrices, i.e.

Yout = Yin T Yenv,

" (4.2.34)
Y = Yout T Ymod;

where out, ¥ denote the covariance matrices of p2', p, respectively. In the following sec-

tions we will denote the eigenvalue spectra of vin, Yenv, Yout and % by
DI = (A D™ = 00 ) .
(A =05, 00 I = ey At
where j = 1,2, ...,n. Since the channel is fully characterized by covariance matrices we get
an expression for the saturated energy constraint (4.2.24) which is in general easy to treat,
that is

% (Tl" (7in) +Tr (7mod) - 1) =n. (4'2'36)

where n is the dimension of the system (or equivalently the number of uses), 7 is the
maximum mean photon number of the channel and “%” the vacuum energy which we do
not regard as invested input power. In the following it is necessary to distinguish between
the fraction of power used to generate the quantum input and the fraction devoted to
classical modulation. Therefore, we define the fraction of power used for entanglement (for
finite n) n, by

T = %TY(%H) - %
where 0 < n < 1, and where we subtract the vacuum energy 1/2. Hence, for the transmis-
sion of classical information we have in average (1 —n,, )7 photons left. Thus, the saturated
energy constraint on the modulation reads

(4.2.37)

T (o) = (1= 7). (4.2:38)

The Holevo quantity of the bosonic channel with n uses of the channel reads

Yo = 5(7) - / o f(0) S(p2)

n
_ 1 1
=S a(ml-3) -9 (- 3),
j=1

(4.2.39)
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where V;?ut,ﬁj denote the symplectic eigenvalues of the output and mixed state (4.2.34),

and where we used the entropy relation (A.0.12) for a Gaussian state p, namely
1
50 = 3a (101~ 3 ). (1.2.40)
J

Hence, the capacity of the bosonic channel for n-uses of the channel reads

1
Cn(T) = L max xn. (4.2.41)

Mono-modal channel with thermal noise

We will shortly review the steps to determine the optimal transmission rate of the mono-
modal bosonic channel where the input undergoes a thermal noise, i.e. a noise identical in
the & and p quadrature. Therefore, the noise reads as in (4.2.29) with covariance matrix

N 0
Nemy = <0 N> , NEeR. (4.2.42)

This covariance matrix is, as already mentioned before, a classical covariance matrix and

is therefore not restricted by the Heisenberg inequality. This means that the variance N

can indeed be zerol3.

The mono-modal bosonic thermal channel than reads
Tlp) = [ &6 fun () D(O) 2 DI(9) (1.2.43)
The optimal input for the single-mode displacement channel reads [16]
P =la) (al, (4.2.44)

with coherent states |a), which is pure and has the covariance matrix

1/1 0
Yin = 3 <0 1> : (4.2.45)

Since we can with no loss of generality assume the means to be zero the input is completely
characterized by (4.2.45). One varifies, using (A.0.12), that S(p') = 0. The energy of the
input is given by the normalized trace of its covariance matrix, i.e.

1 1

—Tr in) — 5>
5 1t (Yin) = 5

which is simply the energy of the vacuum and is by definition not taken into account as
invested power. Thus, we can use all photons for modulation, i.e.

(4.2.46)

0
Amod = (o ﬁ) (4.2.47)

13However, this would correspond to the unphysical case of infinite capacity.
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The covariance matrices of the output and mixed state then read

_ 1{142N 0
Yout = 5( 0 1—|—2N>’ (4248)
1 /{1+2N+7) 0
vz 2( 0 1+2(N+m)) (4.2.49)

Both states, the quantum output with covariance matrix ., and the modulated output
7 are thermal states as defined in (4.1.30). Using (4.2.41) the one-shot capacity becomes

Ci=g(m+ N)—g(N). (4.2.50)

Classical limit: Let us have a look at the classical limit of (4.2.50), that is when
(N,m) — oo with fixed power to noise ratio m/N = const. Firstly we notice that the
g(x)-function (A.0.4), i.e. the Gaussian entropy in the quantum case tends to the classical
entropy expression if its argument tends to infinity:

lim [logz — g(x)] = lim [logz —xlog (z + 1) —zlogx +log (x +1)] =0.  (4.2.51)
T—00 r—00

Using this limit behavior for (4.2.50), we confirm that

) _ n
ﬁy}\f_)(l;)rﬁrlﬁ/]\[:C Cy =log(m+ N)+log(N) = log <1 + N)’ (4.2.52)
where c is a constant. We conclude that in the limit of a high input signal and a high noise
(with constant signal to noise ratio) the quantum effects (i.e. vacuum fluctuations) vanish
and we retrieve just twice the capacity of the single variate classical Gaussian channel
(3.1.16), since we have in this limit just two classical Channels, one for the & and one for
the p quadrature.

Mono-modal channel with phase dependent noise

Let us assume again just a mono-modal bosonic channel, but this time with a different
noise in & and p. The density function of the environment reads again as in (4.2.29) but
has the covariance matrix
N, 0

- ( ' Np) . N.N,€R, (4.2.53)
where in general N, # N,,. The capacity of a channel with such a noise which still appears
to be simple, is not yet completely determined. In [33] the lossy mono-modal channel with
such a noise was studied. It was assumed that the best input diagonalizes in the same
basis as the noise by the following reasoning: the anisotropic channel (with asymmetry
in the noise in & and p) can be transformed into a thermal channel by active symplectic

transformations?:

_ NI 0 _ ! T N 0 T
Yenv = ( 0 Np) = Yenyd =5 (0 N) ST (4.2.54)

14We remark that active symplectic transformations change the trace and thus the energy constraint of
the channel.
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with N = (N, + N,)/2. For the thermal channel we found in the previous section the best
input, namely coherent states with covariance matrix (4.2.45). Therefore the optimal input
for the anisotropic channel will be a coherent state modified by symplectic transformations
which balanced the £ and p variances in the noise. This is a squeezed state and lives in the
same basis as the noise, where the degree of squeezing will be determined in the following
section. By this reasoning, we assume the input and modulation covariance matrices:

,yin 0 ,ymod ,ymod
Yin = ( 6” %i?n> s Ymod = (,énpod ’Y:I;I?Od (4.2.55)

with the energy constraint as in (4.2.36) and the requirement to have a pure input (as
already mentioned in (4.2.4), that is

1
det vy, = i (4.2.56)

If we recall in addition the total power constraint (4.2.36), then we can write out the total
Lagrangian for the optimization problem, i.e.

L=y (\/(,Y:ltn + N, + ymmod) (4in 4 N, 4 qmod) — (ymod)2 _ l)
—9 <\/(’7;“ +Na) (4 + Np) — %) (4.2.57)

— (% +ymed 4+ ﬁmd) -7 (W)

where we added the multiplier i to respect the total energy constraint and 7 to guarantee
that the input is pure. Since we want to maximize (4.2.57) and since g(z) is monotonically
increasing we immediately see that we should set all off-diagonal elements in the modulation
covariance matrix to zero, i.e. Vg;;’d = 0. From this we already get that the optimal total

modulation covariance matrix o4 should live as well in the basis as veny. By applying
VL=0, (4.2.58)

with

0 0 0 0
T
AV <a,ymod ) a’ymOd ) 6’)/111 8’)/11011) 5 (4.2.59)

we receive 4 equations:

d Ve Vet 3 1 1 1 /7

mod[': IOg z ip ? + T == 1] 9 y_uz()) (4260)
87:1: \/’Yx’Yp_Q ’Y:E’Yp—'_Q \/’Yx’Yp_E 2 Yz

d Ve 0+ 3 1 1 1 /5
_ %= |log [ Y2l2 T2 sy /2 =0, (4.2.61)
8’}/1) v Y 7 -3 \/7x7p+2 \/FY:UPYp__ 2 ’Yp
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1 1 1 7p
Viedpts VlaTp— 3| 2\ Ve
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o
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DN D[
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+

YRR+ 3 1 1
— |log | V—=—| + -
/,ygut 'ng _ % /,ygut ,Ygut + % ,ygut ,Ygut _ %
1 P}/Out .
X3 ,Y]Zut -7 =0, (4.2.62)
x
e 1 —
0 L = |log T p 2 + = — ! 12
oy VT =3) VTts VT3] 2\
1R+ 3 1 1
— |log | —/——=—— | + —
,ygut ,ylc;ut _ % /,ygut ,Ygut + % /,ygut ,Ygut _ %
1 out .
« 5 z:(t)ut — Ayt =, (4.2.63)
P
with
~  — Al + N, + mod
7:;’; Vf;f’ e (4.2.64)
’y:v,p = ’Yac,p + Nx,p~
The solution of this system of equations reads as follows. At first, we find that
Y A = e (4.2.65)

From the latter we conclude that the optimal total output state 7 is a thermal state. The
covariance matrix for this state reads

N + N, 1
To =Ty =TA —o t

2 + 2’
which is just the total power of the system analog to (4.2.49). Secondly, we obtain the
optimal degree of squeezing for the input state:

(4.2.66)

in env
% - ﬁnv. (4.2.67)
p p

Thus, the anisotropy of the noise has to be precisely matched by the ratio of squeezing
at the input. We assume for now that we have ineed input power to satisfy (4.2.66) and
(4.2.67).

Since all matrices are diagonal we state that the variables *, 'yli)n, 'yg“’d, 'yg“’d are the eigen-
values )\g‘, )\;,“, )\fvn(’d, )\g“)d of the input and modulation. From the condition that the input
has to be pure (4.2.56) and with (4.2.67) we conclude that

. 1 [N
AR — Z [P 4.2.68
x,p 2 Np,a) ( )
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Concerning the modulation eigenvalues, we see from (4.2.65) that they follow a quantum
water filling with respect to both quadratures, whereas in contrary to the classical solution
now the quantum input and the environment, i.e. the quantum output together play
the role of an “extended noise”. By rewriting (4.2.65) and (4.2.66) we get the optimal
modulation for x and p, that is

AP = = (A + ),
e ) (4.2.69)
)‘p =B ()‘p + Np)7

where the quantum waterfilling level p is simply the total power of the system, i.e.

Not+ N, 1

. 4.2.
5 5 (4.2.70)

uw=mn-+
The solutions for the best input (4.2.68) and modulation (4.2.69), respectively, only hold
if we have sufficient input power to squeeze the input in the noise like asymmetry and at
the same to time to have enough power left to adjust the modulation, such that the overall
output state is thermal, i.e. (4.2.65) is fulfilled. If this is indeed the case, we know the
solution for the capacity, that is

N, + N,
Ci=g <ﬁ + %) — g(\/Nx Np), n > Nihr, (4.2.71)

Interestingly, the capacity of the phase dependent channel (4.2.71) is greater then the
capacity of the thermal channel for same total noise (N, + N,)/2 = N, and grows with
increasing asymmetry. This will be investigated further shortly. The threshold value 7oy,
can explicitly be determined as follows. If we increase T (starting at m = 0) then 7 = Ty,
is exactly where the overall output starts to be a thermal state. With no loss of generality
we assume now that

Ny > N, (4.2.72)

We know that the best p quadrature will be squeezed and hence the best & quadrature anti
squeezed (in order to match the noise ratio). Thus, below the threshold the asymmetry
between the quantum output in x and p reads

AP+ Ny > A+ N (4.2.73)

Now the modulation will try to compensate that asymmetry (in order to achieve a thermal
state). Thus, up to the threshold value we will only induce a modulation for p and

Amod — 0 YA < Ty, (4.2.74)

With this additional information and with (4.2.66) we determine

N,

1 N.
Tihr = 3 < ~—L+ N, — N, — 1) ) (4.2.75)
p
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Figure 4.4: Capacity above threshold and threshold 7y, vs. asymmetry parameter ¢. The
dashed and dashed-dotted curve show 7y, for N = 1/3,1/100. The dotted and solid curve
the capacity (4.2.71) where @ = Ty (N = 1/3) + 1, igne (N = 1/100) + 1.

Having the threshold value characterized, we can define for a simple comparison

No =1L+ 9)N, (4.2.76)
with the asymmetry parameter ¢ € [0,1] and (N + N,)/2 = N. In figure 4.4 we plot
(4.2.71) and (4.2.75) for different total noises N versus the asymmetry parameter ¢, where
the input power is always set equal to the threshold value m = myy,,. The capacity with
thermal noise is given at ¢ = 0 and is always lower than the capacity with phase dependent
noise where for this plot m > 7g,. The threshold diverges for ¢ — 1 as N, — 0. In this
limit we would need infinite energy to squeeze the input such that the uncertainty in one
quadrature vanishes completely. Obviously, for a physical channel this limit cannot be
achieved. The capacity (above threshold) increases with increasing ¢ as well, but is finite
at ¢ = 1, since the g(z)-function is fixed to zero for x = 0.

Capacity below the threshold As we treated in the previous part only the capacity
above the threshold we shall now move on to an investigation of the more tricky domain
where m < Tg,. In fact, we will not be able to provide the reader with an analytical
solution. However, we can observe and characterize the behavior of the optimal input
squeezing and modulation by numerical optimization.

For this optimization we introduce a one mode squeezed state, characterized by the covari-
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ance matrix

1 /e 0
Tin =5 < 0 _QT) : (4.2.77)

e

with squeezing parameter r € [—7rmax, "'max] Whic is constraint by (4.2.36), i.e.

= sinh?r < 7. (4.2.78)

1 1
ST () — 5

2
In the last equation we did not include the power used for modulation, that means that if
T = rmax then we used all power for preparing the quantum state and have no power left
to transmit the actual information and thus the transmission rate would be zero. In order
to have a simple characterization of the energy distribution between input and modulation
we define the fraction of the power used for squeezing as in (4.2.37) by

sinh?r, (4.2.79)

3=

n=

with n € [0,1]. Thus, we know we have in average (1 — n)n photons left to introduce a
classical modulation. If we still assume that the noise in the Z-quadrature is stronger than
noise in the p-quadrature, then the modulation is actually easy to characterize. As we
already mentioned below the threshold A™°d = (0 and hence

0 0 _
Ymod = (O 2(1 . n)ﬁ) n < Nghr, (4280)

where the factor two stems from (4.2.36). The capacity now reads

1 1
C= e out| — 4.2.81
g (1= 3) =0 (171~ 3). (1281)
with symplectic eigenvalues

U =1/ \p,

out __ out )out
VO =/ AQut Jout,

(4.2.82)

where

Ao = A2+ N(1+¢),
Ap = A0+ N(1— ) + Aped, (4.2.83)
ut __ yin

A=A+ N(1L£¢)

where A, A denote the eigenvalues of the input (4.2.77), A°d the non zero (for n < 1)
eigenvalue of (4.2.80) and N,, N, are as in (4.2.76). In figure 4.5 we plotted the eigenvalues
resulting from a numerical optimization for (4.2.81). We see that above the threshold
the overall output state, characterized by ¥ is thermal, ie. X\, = Xp and the optimal

transmission rate reads as in (4.2.71). In order to get a clearer view for the behavior of the
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Figure 4.5: Optimal eigenvalues vs. input power m. The upper and lower dotted line
show Xx,Xp, the upper and lower dashed line show )\gwd, Amod “the upper and lower solid
line show )\ixn, )\;n. For m > my, the overall output state is a thermal state and the input
sqeezing becomes constant. For m < Ty, the modulation in x is zero. For this plot we
took N =5,¢=0.9.

optimal squeezing in the region below the threshold we introduce a linear approximation
for the overall output eigenvalues \;, A, and investigate their differences to the numerical
optimum. Knowing the definition of the threshold (4.2.75) we make the simple ansatz

= 1 MNihr — N
Aep= AHZ+N iN¢<tﬁ7). (250
—_—— thr L.

eigenvalue of thermal state  |ijecar approximation

With the latter and the purity condition (4.2.56) we determine the approximated input
and modulation eigenvalues

~ 1 Nihr — 1
/\gl_ﬁ+§+N¢(1+M>,

Nthr
M= L (4.2.85)
4\in
Amod — X — A — N(1 — ¢).

The difference of the z-input eigenvalues A" — )Tg/l is plotted in figure 4.6. We observe a
maximum (for each V) which increases and is shifted towards higher powers with increasing
noise V. From this we can conclude that the optimal squeezing increases first (up to some
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difference of x—input eigenvalues

input power i

Figure 4.6: Difference of the z-input eigenvalues vs. input power n. The dotted, dashed
and solid line refer to N = 0.5,1,5 which attain maxima at m = 0.96,1.1,2.37. All curves
drop to zero at the threshold values. In addition we took always ¢ = 0.9.

m) stronger and then weaker than the linear approximation. In addition, we remark that
the linear approximation seems to get worse for growing noise. The difference of the p-
modulation )\gl(’d — )\gwd is plotted in figure 4.7 (as the input A" is higher the modulation
)\Ir,n(’d is lower). Since the modulation just uses the remaining energy from squeezing the
plots look similar to the input difference. At last we compare the optimal transmission
rates. In figure 4.8 we observe for each curve a maximum and a smooth drop zero (at each
threshold 7, ). Although we may not matched the true capacity the approximation is
close to the numerical optimum. With growing noise the maximal difference grows but the
signal to noise ratio at the threshold (above which we know the true capacity) converges
down to a constant. This simply because Ty, is linear in N, i.e.

_ 1 1+¢
P == — + 20N —1]. 4.2.
Tthr = 5 ( =6 +2¢ > (4.2.86)
Taking the limit B
. Nthr
1\;1_r)r(1>o N = o, (4.2.87)

confirms that for each ¢ < 1 the signal to noise ratio needed to achieve the capacity (4.2.71)
is in the limit always lower than one. With decreasing noise the maximal difference gets
smaller and therefore the linear approximation gets closer to the real capacity.
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p-modulation eigenvalues
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Figure 4.7: Difference of the p-modulation eigenvalues vs. input power m. The dotted,
dashed and solid line refer to N = 0.5, 1,5 which attain maxima at m = 1.06,1.27,2.7. All
curves drop to zero at the threshold values. In addition we took always ¢ = 0.9.

x10"

difference in transmission rates
D
.
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Figure 4.8: Difference in transmission rates C' — Cappr vs. input power . The dotted,
dashed and solid line refer to N = 0.5,1,5 which attain maxima at » = 0.57,0.66, 1.14.
All curves drop to zero at the threshold values. In addition we took always ¢ = 0.9.
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Bimodal channel with memory

We shortly review now an example of a bimodal memory channel, that is a channel as
defined in (4.2.31) where the noise density function (4.2.29) has a 4 by 4 covariance matrix
with off diagonal elements as already treated in [5], i.e.

N —¢N 0 0

6N N 0 0

nv = ; 4.2.88
Ve 0 0 N N ( )

0 0 ¢N N

with correlation coefficient ¢ € [0,1]. One observers that the Z-quadrature variances are
anti-correlated, while the p-quadrature variances are correlated. If ¢ = 0 than (4.2.88)
reduces to the memoryless case; if # = 1, than the channel has a full memory.

By applying a passive (trace preserving) symplectic transformation on the environment we
can treat the problem of finding the capacity - with no loss of generality - in the basis of
the noise. The diagonalized noise covariance matrix reads

N(1+ ¢) 0 0 0
B 0 N(1—¢) 0 0
Yenv = 0 0 N(1— ) 0 . (4.2.89)
0 0 0 N(1+9¢)

In the latter we see that the first mode suffers a phase dependent noise, high in x and
weak in p, whereas the second mode suffers the same but swapped noise which is high in p
and weak in z. The eigenvalue spectrum is therefore precisely the same as the one of two
uncorrelated mono-modal phase dependent channels with indices interchanged in x and
p. Thus, we can immediately conclude that above the threshold (4.2.75) we know that all
solutions of the bimodal channel coincide with the phase dependent mono-modal channel:
the best input and modulation read as in (4.2.68), (4.2.69) and the capacity reads as in
(4.2.71). Similarly, below the threshold, the two-mode entangled state (as introduced in
(4.2.3)) was used as the quantum input:

cosh2r —sinh2r 0 0
1 | —sinh2r cosh2r 0 0 (4.2.90)
T =g 0 0 cosh 2r sinh 2r o

0 0 sinh 2r cosh 2r
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with squeezing parameter r. We know that his input is useful, since it diagonalizes in the
same basis as (4.2.90)1°. The diagonal input reads

1
=31, 727“ : (4.2.91)

Physically this diagonalization corresponds to a reversion of the beam splitter operation
which entangled the two squeezed modes (see section 4.2.1) and resulted in the state with
covariance matrix (4.2.90). We confirm that the eigenvalue spectrum of (4.2.90) is simply
two times the spectrum of a squeezed input with interchanged x and p. Hence, our linear
approximation for the mono-modal phase dependent channel and all results hold for the
bimodal channel as well.

Multimode memoryless channel

The case of a channel with n uncorrelated modes was already treated in [17][§3]. In this
model, a classical information was transmitted via a displacement of a n-mode cavity
state!® The cavity was regarded as a quantum noise in contrary to the classical noise we
defined for the channel (4.2.31). However, If we treat again the sum of the quantum input
and the classical noise, i.e. the quantum output as an extended quantum noise we can
adopt the results. In our terms the covariance matrix of the classical noise of memoryless
channel reads

Yenv = diag(N1, Na, ..., Np: N1, ..., Ny, (4.2.92)

i.e. each channel j has a thermal noise

N; 0
Venv,j = (OJ Nj>. (4.2.93)

For each individual channel we know therefore, that the optimal input is a coherent state
and hence the total input is an ensemble of product states, that is

in __ in
Po = ®paj’
J

where piof‘]. is a coherent state as in (4.2.44), and « denotes the classical information we
would like to transmit. The quantum output is therefore just the sum of the covariance
matrix of the vacuum and the given classical noise, i.e.

Yout = 1/2 + Yenv- (4.2.94)

151t was concluded in section 4.2.5 that the optimal input has to live in the same basis as the noise.
%Tn our notations we do not treat different frequencies w; for the modes as in [17][§3.].
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with V;’ut = 1/2 + N;. Thus, the full power can be used for modulation. The optimal
modulation density function of the signal was determined to have the covariance matrix

Ymod = diag(mu, ..., mp;my, ..., myp), (4.2.95)
where 1
mj = (= ") = (= N; = )", (4.2.96)
such that
1 n
~ > my=m, (4.2.97)
j=1

with the maximum mean photon number constraint n. This solution is the quantum analog
to the classical “water-filling” described in section 3.1.3. The one shot capacity then reads

Ci==> (g9(n) — g(Ny)", (4.2.98)

with (z)* as in (3.1.23).
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4.3 Bosonic memory channel with Gauss-Markov noise

We are now equipped with all necessary tools to treat the central part of this work: the
bosonic memory channel with a Gauss-Markov noise. This channel is defined as in (4.2.31),
where the covariance matrix for the noise reads

Yenv = <r(0¢) r(2¢)>, (4.3.1)

where T' is the covariance matrix resulting from the Gauss-Markov process specified in
(2.2.10) with correlation parameter 0 < ¢ < 1. In the case where ¢ = 0 the noise covariance
matrix will be diagonal and the channel corresponds to a multimode memoryless channel.
If we recall the definition of the Markovian correlated channel (4.2.19) we see that the
displacement channel (4.2.31) with noise (4.3.1) indeed belongs to this class of channels
(where integrate over density functions instead of summing over probability distributions),
because the noise density function factorizes as

S
fenv(ﬁlaﬂ%--wﬁn) — ﬂn\/m eXP[ 2/3 ’Yenvﬁ]

= fenv(ﬁl) fenv(ﬁl’ﬁ?) te fenv(ﬁn—l‘ﬁn)a

(4.3.2)

where feny(6i|3;) denote conditional quadvariate (two quadratures) Gaussian density func-
tions. Thus the action of the bosonic channel with Gauss-Markov memory on the input
state pi is given by

T(n) [Pgﬂ = / d2ﬂl /d2ﬂ2 / d2ﬂn fenv(ﬂl) fenv(ﬂl|52) T fenv(ﬂnfﬂﬂn)

X D(Bp) ® ... D(B1) p DT(81) ® ... @ DT (S3,,).

(4.3.3)

We will rotate now the problem into the basis where the covariance matrix of the environ-
ment is diagonal. This can by done with no loss generality, since a rotation is a passive
symplectic transformation and does not change the entropy of the system. Then, by same
reasoning as in the mono-modal anisotropic case (see section 4.2.5) we impose the assump-
tion that the optimal input covariance matrix has to diagonalize in the same basis as the
noise. In the definition of the capacity (4.2.41), i.e.

Cn(T) = max S(p) — /d2a fla)S(p2) (4.3.4)

1
TV YinsYmod

the covariance matrix of the modulation only enters in the first term, (the integral in the
second term is only taken over the normalized density function) and thus S(p) can be
maximized with respect to ymoq independently. The subadditivity property of the entropy
(4.2.9) for p reads:

S(3) < S(1) + 5() + . + (5. (4.3.5)
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with equality if the covariance matrix associated to p is diagonal and with

py = Trg, .5, (D)

Pk = Trﬁlv---vﬁkflvﬁkﬁ»lv”'ﬁn(ﬁ) (436)

ﬁn - T\rﬁlv"'vﬁnfl(p)7

where Tr,, (pap) denotes the partial trace (4.2.10). Each of the states p; corresponds
to a reduced Gaussian state with a 2x2 covariance matrix composed by a sum of the
corresponding input, noise and modulation. However, as all modulation cross terms do
not contribute to the overall energy constraint (4.2.36) we are free to set them to zero and
thus equality in (4.3.5) holds as all matrices are now diagonal. We therefore confirm that
as in the mono modal case the covariance matrices of input, modulation and environment
diagonalize in the same basis.

In the following we will focus on the asymptotic limit (channel uses n — o00) of the
capacity of (4.3.3). In this limit we recall from (2.3.22) the eigenvalue spectrum of the &
and p quadrature blocks of (4.3.1), that is

)\env =N 1_¢2

v (@) = 1+ 2 — 2¢cos (z) (4.3.7)
env — 1_¢2 :
50 = N i e o)

with the spectral parameter x € [0, 7]. In this limit we have an infinite number of parallel
channels labeled by x which we use one time or equivalently an infinite number of uses of
one channel with a noise spectrum varying with x.

In the following, we call the induced input power spectrum A(z), where then the saturated
power constraint on the total system reads

o /dx ). (4.3.8)

4.3.1 Full thermal output

For each individual channel 2 we know that if its input power \(x) is sufficient the best
overall output state is a thermal state, i.e.

A (2) 4+ A2 () + AP0 (2) = AP () + A () + Ao (z). (4.3.9)

As the noise over the channels is not constant we demand in addition that we have enough
energy to fill this gap over all x such that the overall output state will be constant Vz, i.e.

Az(x) = Ap(x) = const, Va (4.3.10)
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At the end of the following sections we derive explicitly the input power which is needed
such that the latter is fulfilled. Up to than we will adjust all spectra such that (4.3.10) is
achieved.

If (4.3.9) is satisfied for a channel z then we know the best input of this channel which
reads just as in the one mode case (4.2.68), but is now a function of z, i.e.

. 1 )\env(x)
Aln =, =P L 4.3.11
55(®) = 51 e o) (4.3.11)

Given this input we define in the asymptotic limit the fraction of power which is needed
to squeeze (or entangle in the original basis) the input such that the anisotropy of the
environment is matched. The fraction of a general squeezed state was defined for finite n
in (4.2.37) by the normalized trace of the input covariance matrix and becomes therefore
now a normalized integral over the total input spectrum, that is

™

_L 1n in _i xinx_z
_ ﬁo/ (AP () + AP(2) — = = = /d @) -3 (4.3.12)

™
0

where we subtracted the energy of the vacuum and where the simplification is due to the
symmetry

A (z) = )\;n(ﬂ' — ). (4.3.13)

Similar to the extension of the input we define the modulation as in the mono-modal case
(4.2.69) but with  dependence, i.e.

)\mod( ) = ()\m () + A (x)), (4.3.14)

where p is now a global waterfilling level over the whole Z,p spectrum, such that

1 / Amed () = (1 — )7 (4.3.15)

s
0

This waterfilling solution achieves the same total thermal output state for all channels. The
fraction power used for modulation in & and p is identical because the output spectrum

out in env
Az,p () = )‘x,p(x) + Azp (z), (4.3.16)

also fulfills the symmetry
AU () = )\;“t(w —x). (4.3.17)

Thus, the waterfilling level p is indeed the same for both quadrature spectra. If (4.3.11)
and (4.3.14) hold then we fulfill by definition (4.3.9). We notice that the modulation
defined in (4.3.14) is actually similar to the quantum water filling solution in the multimode
memoryless case (4.2.96), whereas we do not introduce coherent states, but squeezed states
as input. This is simply due to the fact that in the basis of the noise our system is a set of
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parallel uncorrelated channels where for the modulation (i.e. the classical information we
transmit) the classical water filling is optimal, provided that

mod
App (7) >0,V (4.3.18)

holds. Then (4.3.10) will be fulfilled.
If we consider each of the channels individually, then we know that the allocated input
power A(x) contains the input (where we subtract the vacuum) and the modulation, i.e.

1 in in m m 1
A(w)==Q(Ax(x)+-kp(x)%-Ade(x)+-Ap°d($))-5, (4.3.19)
in mod - 3 . . .
where here \;}) (x) and A\7')¢ () are assumed as in (4.3.11), (4.3.14), respectively. Recalling
the definitions in the mono-modal case, we know that if

AMz) > Tne(z), Vo (4.3.20)

where T, () is now a function of  for each channel, then all channels are in a thermal state
with same temperature over all x. 7y, reads equivalently to the mono-modal definition,
but as we imposed in (4.2.75) the condition that the & noise is always greater or equal to
the p noise we have to switch the quadratures at © = 7/2 since above that position the p
noise is greater than the & noise. Therefore we write

[ (EmG @ - xgv@ -1), o<a<n)
_ - P
nthr(CC) == § )\;nv(x) onv env (4321)
)\;DV(LE) + )\p (x) - )\x (x) - 1 3 7T/2 < xr S .

In figure 4.9 we plotted the quadrature noises as well as the threshold for certain N, ¢. Since
all quantities of the allocated power \(x) spectrum are given by the environment except
the water filling level u, we will now specify the condition 7 such that the resulting p leads
to a positive modulation spectrum. This condition was already found in the treatment of
the classical pendant in (3.2.9) and reads in the quantum case as

™

(1 —n)a > wA2"(0) — /da: AOUE ()

_ 1+ ¢ 1/1+¢
erzv (75 -1) 3 (75 )

Therefore, we define the quantity which is needed to modulate the full spectrum, that is

_ (1+4¢ 1/1+¢
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Figure 4.9: Threshold function g, (7) and noise eigenvalue functions Ag™ (z), Ag™ () vs.
spectral parameter z. The dashed line shows gy, (2). The solid and dotted line the noise
spectrum of the Z and p quadrature AS™ (x), \;™ (x) which are mirror symmetrical around
x = m/2. For this plot we took N =1/3,¢ = 0.7.

as a function of the correlation strength ¢. The assumption in the first line of (4.3.22) could
have been expressed in terms of 3" (2) as well, since (4.3.17) holds. In the memoryless case
¢ = 0 we confirm that the input power which is needed to have a full positive modulation
spectrum 75(¢, N) is anything above zero, because in this case the channel is Va the same
thermal channel and therefore we will not use any energy to prepare the input state!”.
If  — 1 then T5(¢, N) will tend to infinity since the highest eigenvalue A2%*(0) tends to
infinity as well, making it impossible to modulate the whole spectrum for finite input power.
Interestingly, if we recall the definition of the power P, which is sufficient to modulate the
whole spectrum in the classical case, (see (3.2.9)) we receive the simple connection with
the quantum expression 7i5(¢, V) by

76 N) = Pu(6) + % (% - 1) . (4.3.24)

In the quantum case we have an extra term which is diverging with ¢ — 1 which is the
highest eigenvalue of the quantum input, i.e. Al*(0) = Al’(7). A more detailed comparison
with the classical solution is presented in section 4.3.1.

For the quantum water filling level we obtain an expression similar to the mono-modal

17Coherent states are conjectured to be optimal and just convey the vacuum energy
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X
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Figure 4.10: Output spectrum A2 (z) (decreasing curve), water filling level p (bold line)
vs. spectral parameter x. The dark gray area shows the remaining distributed power
(1 —n)n. We took i = 7ig(¢, N) = 3.89, for N =1/3,¢ = 0.7, such that the spectrum is
precisely completely filled.

case (4.2.70), i.e.

™

1
p= (1=t [ doae(a)
s (4.3.25)
1
=+ N+ =
n+ +2,

which is again just the total average power of the system. Assuming (4.3.22) is fulfilled
we know with (4.3.25) now indeed the overall output state or in other words the output
temperature Vo which is the constant in (4.3.10), i.e.

Ae(®) =Mp(@) =p=n+ N+ % (4.3.26)
In figure 4.10 we plotted the “water filling-picture” (with m = 75(¢, N)) similar to the
classical case (see section 3.2), whereas now the quantum output spectrum Xo™ () (AS" (z),
respectively) plays the role of the noise spectrum and the filled area leads to the classical
modulation spectrum instead of the classical input. The resulting &, p-spectra and the
total power spectrum are shown in 4.11. The threshold 7y, (), the resulting modulation
and power spectrum A(x) are displayed in figure 4.12. With (4.3.26) we will now give an
explicit expression for the Capacity of the channel with 7 > 7ig(¢, N). The Capacity for
finite uses n of the bosonic channel was defined in (4.2.41), but since we are in the limit
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Figure 4.11: Input, modulation and power spectrum vs. spectral parameter x. The de-
creasing, increasing dotted curves correspond to %)\;n(x), %)\},n(x), the increasing, decreasing
dashed curves correspond to $AM°4(z), %)\g“’d(:c) and the solid line shows A(z). For this

plot we took N =1/3,¢ = 0.7,n = ns(¢p, N) = 3.89.
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Figure 4.12: Threshold function 7y, (z) (dotted curve) and power spectrum A(x) (solid
curve) vs. spectral parameter x. For A(x) we took m = Tg(¢p, N) = 3.89, for N =1/3,¢ =
0.7.
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n — oo, we are only considering the asymptotic expression (4.2.26) of the finite capacity,
where the resulting expression is the limit of Riemann sums, i.e.

n—~oo i

Cla) = qim ca) = L / dr g (v(x) _ %) _y (yout(x) _ 1), (4.3.27)

where the symplectic eigenvalue functions 7(z), v°"(x) read

() = \/ Aa(2) Ap(2),

v (z) = (/A () Agut ().

Inserting in the latter the result (4.3.26), (4.3.16) and using (4.3.27) we obtain the final
expression for the optimal transmission rate above the threshold, which is now indeed the
capacity of the system in this domain, that is

(4.3.28)

CS(QIu) _ %/dm g <ﬂ($) _ %) —g (Vout(x) — %)7 n > ng(op, N) (4.3.29)
i L@ e\ (1 @
=g (M_ 5) -9 (5 e () +AZ (@) 2\ N () +A (@) | - 2
_ g(m+N) — %/dm o (Ve @ @), 7w mo.N)
0
— (7 _lﬂx N( - ¢%) n>n
=g@+N) wo/d ! <¢<1+¢2)2—4¢2 Cos%c)’ = Tel0 ).
(4.3.30)

where 0 < ¢ < 1. The first line in (4.3.30) is, as expected, equivalent to the one-mode
result (4.2.71), where we now have to integrate over the noise spectrum. In the memoryless
case ¢ = 0 we recover that the channel is no longer anisotropic but a thermal channel with
same noise for the whole spectrum and thus, the capacity (4.3.30) coincides with the one
shot capacity of the thermal channel (4.2.50).

Although we will not be able to express Cs(qu) completly in terms of elementary functions
we can treat its limit behavior.

Limit of full correlations

At first we investigate the limit of full correlations, i.e. ¢ — 1. As the first term in (4.3.30)
is indepent of ¢ we will just take the limit of the integral term (where we drop the constant
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N for now):

‘ s 1_¢2 s ‘ 1_¢2
1 d = [dx ]
¢1—>mlo/ xg(\/(1+¢2)2_4¢2 cos%c) 0/ x¢1—>1rllg<\/(1+¢2)2—4¢2 COS2{B>7

(4.3.31)
The latter holds, since we do not integrate over ¢. We see that
: 1—¢?
lim g —0, 0<z<m, (4.3.32)
¢—17 \ /(14 ¢2)2 — 4 ¢2 cos? z

since g(x) is monotonously decreasing with decreasing z. Only at the limits of the integral
we find (for arbitrary 0 < ¢ < 1)

a9 T et A DT
g(\/(1+¢2)2—4¢2>_¢1}iﬂlg< (1_¢2)2>_1’ = {0, 7}. (4.3.33)

By (4.3.32) we know that the integral in (4.3.31) will vanish everywhere exact for an
infinitesimal small contribution at the boundaries. As these can be neglected we conclude
that

s 1 B 9
/da: lim g ¢ =0, (4.3.34)
) ¢—=1" \ /(1 + ¢2)2 — 4¢? cos?
and that thus the capacity (above threshold) for full correlation stays finite, namely
lim ClY = g(m + N). (4.3.35)

If we now fix @ = 75 (¢, N)+1 to ensure that the input power always suffices we can observe
the limit behavior of the first and second term in (4.3.30) in figure 4.13. In figure 4.14 the
capacity (4.3.30) is plotted for different noises versus the correlation parameter ¢, where
we fixed again the input power 7 = 715(¢, N) 4+ 1. At ¢ = 0 the capacity of the system with
highest noise N is the lowest and vice versa. Due to the behaviour of the integral noise
terms (here for N = 0.01, 1,10), which all tend to zero, for some ¢ the input power (given
by 7is(¢, N)) of the noisiest system clearly overcomes the others. In the classical case, due
to the divergence of the noise part all capacities tend to infinity and thus the noisiest part
always has the lowest capacity (see 3.5.

Classical limit

In the following we recover the classical result, i.e. the capacity of the classical Gaussian
channel from the expression of the capacity of the bosonic channel. In the classical limit
we increase the input power and the noise while the signal to noise ratio is kept constant.
Recalling the expression for the capacity of the bosonic channel (4.3.30) and the classical
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Figure 4.13: g(ns(¢, N) + 1 + N) and integral term of (4.3.30) vs. correlation strength ¢.
The three dotted curves correspond from bottom to top to the integral term with N =
0.01,1,10. The three solid curves correspond from bottom to top to g(mis(¢, N) + 1+ N)
with N = 0.01, 1, 10.
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Figure 4.14: Capacity Cs(qu) vs. correlation strength ¢. The dotted, dashed and solid curve
correspond to N = 0.01,1,10. For all cureves we took = is(¢, N) + 1.
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limit behavior of g(z) (4.2.51) we obtain the classical limit terms, that is

A 9
lim g(ﬁ—i—N)—%/d:rg( NV — ¢7) )

m,N—o00,n/N=c ) V(1 +¢2)2 —4¢2 cos?x

e L] N(1 - ¢?) _
log (7 + ) Wo/d:): log<\/(1+¢2)2_4¢2 c052x> =0

(4.3.36)

where the integral term can be simplified:

lﬂ N(1 - ¢%) = — b2 lﬂ 22 _ 442 cos?
7To/dyc log<\/(1+¢2)2_4¢2 cos2x> =log (N(1—¢ ))+7r0/dx log (\/(1+¢) 4 ¢? cos :c)

(4.3.37)
(4.3.36) is almost the desired the result. We solve the remaining integral as follows:

™

7 2
%/dm log <\/(1 + ¢2)2 — 4 ¢? cos? :c) = % /dx <1og (1 - %cos2 x)) + glog((l + ¢%)?)
0 0

A2
= log (% <1 +4/1 - RErSE +¢¢2)2>> + log (1 + ¢?)

~ log <1+¢2+\/(1+¢2)2 (1—%)) 1

=log (1+¢? +/1—2¢2 +¢%) — 1
=log(2) —1=0,

(4.3.38)

where the integral in the first line was found in [11](4.226). Thus, we conclude that

1 n
li (qu) — () — 1.7 L3
ﬁ,Nﬂog,nﬁ/N:C Cs Cs og 1— ¢2 + N 5 ( 3 39)

where Cs(qu) is defined as in (4.3.30), ¢ is a constant and CS(CI) the capacity of the classical
Gaussian channel (with Gauss-Markov noise) with sufficient input power (3.2.13). As the
g(x)-function is always smaller than logx we will reach this limit from below and hence,
for small @, N we can in addition introduce the inequality

ol < ¢l (4.3.40)

This is the expected result, because for the bosonic channel we will always (except in the
classical limit) invest a certain amount of the input power to prepare the input entangled
state, which we need not invest in the classical case. In the classical limit the fraction of
power used for entanglement vanishs to zero and therefore the capacities coincide. In figure
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Figure 4.15: Fraction of input power used for entanglement n and Capacity Cs(qu) vs.
noise parameter V. The increasing curves correspond to the capacities, the decreasing to
n. The gray bars correspond to the classical limit of each capacity. For all graphs the
dotted, dashed and solid line correspond to ¢ = 0.4,0.7,0.9. For this plot we took kept

n/N =ns(¢, N = 1),¥N > 1.
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4.15 we plotted the capacity C’S(qu) and fraction 7 versus the noise parameter N. For each
curve we kept a constant signal to noise ratio which we defined as follows: since the signal
to noise ratio Tg/N is monotonically decreasing with increasing N towards a constant (see
(4.3.23)) we simply set

E ﬁs(¢7 N = 1)

§= o =GN =1), (4.3.41)

for each ¢, and therefore are sure that m > ng, VIV > 1. The capacities all tend to their
classical limit (4.3.39), while all fractions of power used to prepare the input are decreasing
towards zero. Interestingly, for the introduced SNR n(¢ = 0.7) > n(¢ = 0.9). This is due
to the fact that ms(¢ = 0.7,1) < Tis(¢ = 0.9,1) and that hence, although we need more
input to match the higher correlation its cost with respect to the total power m is lower.

Simplification of the integral term

We try now to simplify the integral term in (4.3.30). By defining
-’

b(z) = (1+ ¢?) \/1 1+¢2 cos?

(4.3.42)

we can rewrite

jdm g (ﬁ) = 0/7rci.f);* [log (a+b(z)) (#‘;) + 1) - ﬁbga —logb(x)|. (4.3.43)

Secondly, we calculate the third term in the integral, namely
™ s

a 1 — ¢? 9 1
dx—loga—N<—2>log(N(1—¢)) dx
0/ bl) 1+¢ 0/ \/1 ~ (i cos?a (4.3.44)

= 2N <1;¢2> log(N(1 - ¢*) K <%> ;

where K (k) is the complete elliptic integral*® of the first kind defined as

w/2
_ / S (4.3.45)
/ 1 — k2 sin246

which cannot be expressed further by elementary functions. Given the fact that in (4.3.43)
another term includes a complete elliptic integral and an additional logarithm function we
conclude that this is as far as the capacity expression can be simplified.

18 Elliptic integrals are needed to calculate for instance the circumference of an ellipse.
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finite Capacity C
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channel use n

Figure 4.16: Capacity for finite uses Cq(ﬁsu ) and asymptotic capacity Cs(qu) vs. number

of channel uses n. The dotted, dashed, dashed-dotted and solid curve correspond to
¢ = 0,0.4,0.55,0.7. For each ¢ the corresponding asymptotic capacity is shown by a
gray bar. For all plots we took N =1 and 7 = 7.5 > (¢ = 0.7).

From finite to infinite uses

Let us have a look at the behavior of the finite Capacity of the channel (where m > 7g5(¢, N))
with increasing channel uses (or equivalently dimension n of the system). We defined this
expression most generally in (4.2.41), but since we are now in the domain where we know
the optimal input and modulation for all eigenvalues we can simply the expression to

O I o N

where {7}, {V;?ut} are now again finite symplectic eigenvalue spectra with

out — )\m )\env )\m )\env)
\/ P (4.3.47)

. in n mod in n mod
vj= \/()‘x,j + )‘ZJV + )‘x,(J)' )()‘p,j + )‘;Jy + )‘pj )’

where all definitions of the finite eigenvalue spectra read as in the continuous case but
with the discrete index j. However, as we do not know the eigenvalue spectrum of the
noise covariance matrix (4.3.1), we have to calculate for each dimension n of the system
the spectra numerically. In figure 4.16 we plotted the capacity for finite n (4.3.46) versus
the channel uses n for fixed N, various correlation strength ¢ and a fixed input power 7
which is greater than 75(¢, V) of the strongest ¢. In addition we denoted by gray bars for
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each ¢ the asymptotic capacity (4.3.30). Clearly, in the plotted region, we confirm that the
asymptotic expression is indeed an upper limit!?. The evolution of the transmission rate
with respect to the uses n can be further understood if we decompose the finite capacity
(4.3.46) and compare it with the asymptotic function (over which we integrate). Therefore,

we introduce
_ 1 1
Ag; —Q(Vj—§) —9<Vfut—§),
(4.3.48)

In order to compare both functions in the region [0, 7] we define the plot positions for Ag;
by m/n(j —1/2). Since the finite rate (4.3.46) is normalized by n and the asymptotic rate
(4.3.30) by m we multiply each Ag; by 7/n and then can compare in one bar / line plot the
contributions for the finite and asymptotic rate. This is realized in figure 4.17 for different
channel uses n, where ¢ = 0.7, N = 1/3,7 = 8. In these plots one observes the convergent
behavior of the finite capacity with respect to the asymptotic limit. We observe that the
sum of the finite Ag; w/n is tending with increasing channel uses n more and more towards
the asymptotic area (the area below Ag(z)).

19We tested numerically that for higher n this asymptotic bound is indeed not exceeded.
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Figure 4.17: Rate contributions Ag;-7/n (bars) and Ag(z) (line) vs. parameter z, 7k /(n+
1).
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4.3.2 Partly thermal output

As we characterized the condition on 7. precisely we know now when we will not have
sufficient input power, such that the overall output states are all in one thermal state, i.e.
if

n < ng(op, N). (4.3.49)

We will introduce in the following three ideas of distributing the given total power if the
latter holds. Afterwards we will make several comparison between the models.

Ansatz 1: Dropping channels

One way of keeping the property of a total constant thermal state is by ignoring the nosiest
channels. This means that we will shrink our spectrum up to the region in which we know
that the input power will be exactly sufficient to fit the squeezing anisotropy and at the
same time modulate all channels in this region, i.e.

Az(®) = Ap(x) = const, Va € [k, 7 — K] (4.3.50)

This condition can be rewritten in terms of the threshold, where we now take again
App(2), )\gi;’,d(x) as in (4.3.11), (4.3.14), respectively, that is

Ae(2) = Tgne (), Vo € [k, — K. (4.3.51)

With this new spectral domain we define the fraction of power used for matching the noise
asymmetry analog to (4.3.12), i.e.

T—K
K
The equation for the mean power constraint then reads
mT—K
(m —26)(1 — )7 = (7 — 26) A" (k) — / dx A" (x)
- (4.3.53)
en=\"k) - L / dx \JV (x) — L
* T — 2K v 2

K

Since we know that the modulation will “just fill” the output spectra A3 (z), i.e. that
Amod () = )\gwd(ﬂ — k) = 0, the water filling level is simply determined by

1 T—K 1
out — env . 4.3.54
Mn—)\x (H)—n—i— QH/dx)\x (:1:)—1——2 ( 35)
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Figure 4.18: Input, modulation and power spectrum vs. spectral parameter x. The de-
creasing, increasing dotted curves correspond to A (z), %)\},n(:c), the increasing, decreasing
dashed curves correspond to $AM°4(x), %)\gmd(x) and the solid line shows P, (x). For this

plot we took N =1/3,¢ =0.7,n = 1.

As in the previous section all overall output eigenvalues are just determined by the water-
filling level, i.e.
Az(x) = Ap(x) = ps, Vo € [k, — K] (4.3.55)

The different spectra are shown in figure 4.18. Using (4.3.27) we can write out the trans-

mission rate?, i.e.
r 1
1 — 1 out
—=) = - = 4.3.
o [ara (w0 5) <o (0 - 5) (43.56)
K

where the symplectic eigenvalue functions 7(z),v°"(z) are defined as in (4.3.28). Unfor-
tunatly we have no further way of simplifying expression (4.3.56), which means that the
solution will be purely numerical.

R, =

Ansatz 2: Hybrid solution

An additional possibility way of optimizing the transmission rate is to choose a part of
the spectrum where we know that we can achieve a thermal output for each channel,
apply the appropriated squeezing and an overall spectral modulation (whereas the output
temperature of each channel will be different) and to apply the linear approximation analog

20We no longer call this rate “capacity” as the optimal transmission rate is unknown in this region
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to the mono-modal linear approximation with the remaining power which is distributed
uniformly among the channels. We split the spectrum at position = (3, which is found
by solving

n = e (z = 06), (4.3.57)

for the given N, ¢. We know that in the region x € [3, 7 — 3] each channel could be made
thermal, however the energy will not be enough to modulate the complete spectrum. For
a calculated § we define the input by

w1 (V). p<rsr
v(x) == p _ _
2 21 + 1+ A (x) + A (x) (W)) , otherwise

n

(4.3.58)

with A% (z) as in (4.3.7) and with AZ(z) = AJ™(z) — A;™(z). The fraction of energy
used to prepare the input reads similar to the case with full thermal output, i.e.

™

1 : 1
=— e - —. 4.3,
Thyb = — / dz A\ (7) 5 (4.3.59)
0

If we follow the same steps as in (4.3.22) we see that for given mean input power 7 indeed
= out 1
n<AM(0)— N — 3 (4.3.60)

where A% (z) = A% (z) + A" (z), which means that the remaining energy will not be suffi-
cient to modulate the whole spectrum. Therefore we apply a modified water filling (analog
to the classical solution in section 3.2), because the output spectrum is monotonously
decreasing (increasing for p), as well as for the Markovian model. We define

ARod(z) = O(z — amyp) (bnyb — A2 (2))

mod out (4361)
Ap @) = O(m — anyp — @) (unyp — A" (@),
where oy, finyn are determined such that
1 [ mod o
- dz Ayt (z) = (1 — Muyp) 7 (4.3.62)

0

The transmission rate is then again given by

Ryt = % j dz g (D(x) - %) g (z/o“t(x) - %) (4.3.63)

with symplectic eigenvalue spectra as in (4.3.28).
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Ansatz 3: Change of input

The third and last idea contains a different spectrum for the input. We know from the
previous investigation that an optimal input has to diagonalize in the same basis as the
noise Such an input, i.e. a multimode finite squeezed state, was defined in [24], that is

1 [erf? 0
Pin = 5 ( 0 eTQ> : (4.3.64)

where r denotes the squeezing parameter and the generator {2 reads

01 0 0 0
1 1 0 0
01 1 - 0
ann = : . . . . . (4365)

000 1 0 1
000 0 1 O

Since we know that the inverse of the environment covariance matrix will be a three
diagonal matrix in the asymptotic limit n — oo (see (2.3.12)), we state that

lim [FYe_n}/v Q] =0= nh_)rgo[’)’enva Q]’ (4366)

n—oo

where [A, B] = AB — BA is the commutator®! of two matrices A, B and where ~eny reads
as defined in (4.3.1). As  is the generator of ~;, we know that therefore i, and ~eny
commute as well. In the section of Toeplitz matrices we quoted a spectrum of a general
three diagonal matrix (see 2.3.15) which we use to immediately write out the spectrum of
(4.3.65) in the limit of n — oo, i.e.

A (z) = 2cos (z), = €[0,7]. (4.3.67)
With the latter we determine the spectrum of the input, that is
AR () = e*2reos(o), (4.3.68)

where the plus sign corresponds to the Z-quadrature, the minus sign to the p-quadrature.
Since the input is again generated by the cosine we remark again the symmetry

AP (z) = A (m — ). (4.3.69)
The fraction of energy used for entanglement (for given squeezing r) is again determine by

the integral over the input spectrum, i.e.

™

1 1
Nexp(T) = — /dﬂc e?r cos(@) g = 5=({o(2r) — 1), (4.3.70)

™ 2n
0

2'Two matrices A, B which commute, i.e. [A,B] = 0, diagonalize in the same basis.
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where Iy(z) denotes the modified Bessel function of first kind. Since we know that for
a given n < Ts(¢p, N) we will not be able to modulate the full spectrum we define the
modulation analog to the input in the classical case, i.e.

A2 () = O — a) (e — (N (2) + A5 (2))) (4371

where a, i, are determined such that

l/)\gtgd(x) =(1—n)7. (4.3.72)

™
0

The optimal transmission rate for this input has to be determined by a maximization over
the squeezing r or equivalently the fraction of entanglement 7, that is

Rexp — max — ] dz g <D(x) - %) p <y0ut(x) - %) (4.3.73)

nel0,1] T
0
where the symplectic eigenvalue functions 7(x),v°" () read as in (4.3.28).

Best ansatz?

In the following we will try to sort out the best of the three presented ideas. Firstly, we
compare all rates for a fixed input power 7 and noise N versus the correlation parameter
¢. The latter is plotted in figure 4.19 for three different N. All curves correspond to
the difference R, — Ry, Ry — Rexp, respectively. We do not show the difference in rates
Ryy, — Rexp because it was more or less fluctuating around zero with some numerical
error, thus we could not get useful information out of it. We confirm in the region of
low correlations that all differences in R, — Rpy1, and R, — Rexp are zero which simply
corresponds to > Tis(¢p, N) where all at least the rates using ansatz 1 and 2 coincide with
the true capacity found in section 4.3.1. R, dominates the other two rates in the limit of
high correlations for all N, whereas at ¢ ~ 1 all rates seem to coincide. In the region of full
correlations the differences become negligible which is due to the dominance of the noise
(we assume a constant input power). For lower correlations R, seems to loose its benefit
with respect to the other two with increasing noise N.

In a second comparison we plot in figure 4.20 the rate differences versus input power 7
for fixed correlation ¢ = 0.7 and noise N = 1/3 (where for these parameters R, was
dominating in figure 4.19). Clearly, we realize that it is not at all obvious to impose a
“good” ad-hoc solution to the problem. However, we can conclude that a general property
of the transmission rate (or the capacity) seems to be its robustness, since the difference
in all rates is below a tenths of a bit for the given noise regions.
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Figure 4.19: Difference in transmission rates vs. correlation parameter ¢. The solid curves
correspond to the difference R, — Ry, the dotted curve to R, — Rexp. The difference
in Ry, — Rexp is not shown. The dashed curves shows the zero line. The curves with
highest to lowest maximum correspond to N = 1,1/3,0.1. For all plots we fixed m = 1,
the maximum correlation value was ¢ = 0.999.
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Figure 4.20: Difference in transmission rates vs. mean input power n. The solid curve
correspond to the difference R, — Ryyp, the dotted curve to R, — Rexp, the dashed curve
to Ruyl, — Rexp- For all plot we took N = 1/3,¢ = 0.7. The zero/constant drop is at
n =ns(¢p, N) = 3.89.



Chapter 5

Conclusions and Outlook

In this work we discussed the classical Gaussian additive channel and a bosonic quantum
memory channel with Gauss-Markov noise with input power constraint.

At first, we derived and characterized a covariance matrix which corresponds to such a
noise process and we concluded that the matrix belongs to the class of Toeplitz matrices.
As a result we concluded that a Gauss-Markov covariance matrix generates a stationary
process, that is a process whose variance does not change when shifted in time.

The capacity of a classical Gaussian channel with the derived noise model was then
determined in the full input power domain, given by the well-known water filling solution.
In addition, we showed that the capacity is diverging in the limit of full noise correlations.

In the quantum part we treated at first the bosonic mono-modal channel with anisotropic
noise. We imposed by physical reasoning the assumption that the best input covariance
matrix diagonalizes in the same basis as the noise covariance matrix. Furthermore, we
showed that the quantum input has to be squeezed in a way such that the anisotropy of
the noise is matched in order to achieve the optimal transmission rate. Moreover, we deter-
mined a power threshold above which the best overall modulated output is a thermal state.
We showed that this is achieved by a water filling solution for the classical modulation with
respect to both quadrature outputs. We saw that as a consequence the quadrature which
experiences the stronger noise will no longer be modulated when the input power is below
the threshold. An analytical solution could be provided above the threshold, whereas in
the low power regime we introduced an approximative linear solution and showed that the
difference to the numerically obtained capacity is less than a percent for the assumed noise
strengths.

The results of the one-mode case were then extended to the bosonic memory channel
with Gauss-Markov noise. At first, we realized that the problem of finding the capacity
could be treated in the basis where the noise covariance matrix is diagonal and which
corresponds to an uncorrelated environment. Afterwards, we extended the results of the
one-mode case, where similarly the optimal input was assumed to be diagonal (and based
on that the modulation as well) in the same basis as the noise covariance matrix. For
an input power which is above a certain threshold, we could show that, analogous to the
one dimensional case, the input of each a channel requires a certain degree of squeezing
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Figure 5.1: Limit relations between the capacity of the bosonic channel and the classical
Gaussian channel (both with Gauss-Markov memory).

matching the anisotropy of its noise. Hence, when the noise is translated back to its
correlated form we see that a certain degree of entanglement between the input modes is
necessary to achieve the capacity. The best modulation of the input signal was furthermore
determined by the classical water filling solution, whereas in the quantum case the output
spectrum played the role of the environment of the classical case.

In the limit of full correlation we discovered in contrary to the classical case a convergent
behavior of the capacity.

However, in this limit the cost of power which is required to prepare the quantum input
state is divergent and hence, the ratio of (classical) modulation power to noise does not
diverge, as in the classical case. In the limit of high input power and noise with constant
signal to noise ratio (i.e. the classical limit) we showed that the capacity (above threshold)
tends to the capacity of the classical Gaussian channel (the limit behavior of the capacity
in the quantum and classical case is summarized in figure 5.1). Furthermore, we concluded
that the capacity of the bosonic channel is in general always smaller than the capacity of
the classical Gaussian channel. This is again due to the cost of power for the preparation
of the entangled input state.

In the low power regime an analytical solution could not be derived. However, several
approximative approaches were presented and compared.

The techniques we developed in this work were in addition applied to a non-Markovian
model where the capacity was determined above a certain power threshold.

For both cases, the mono-modal bosonic and the infinite dimensional bosonic channel,
an exact solution of the capacity in the low input power regime is missing. Once the one-
dimensional case is fully understood the extension to the asymptotic limit is an interesting
problem for future studies.



Appendix A

Entropy of Gaussian states

According to [16][V.§1] the Gaussian density operator pp, representing the thermal state
of the harmonic oscillator (with zero mean) has the spectral decomposition

1 [ N \"

= A.0.1

w512 () Imml (A.01)
m=0

where {|m)},m = 0,1, ..., 00 stands for the Fock basis as introduced in section (4.1.3). By

inserting (A.0.1) into (4.2.6), that is

—Tr(plogy p) =—Tr

_|_
R N \™ 1 N \™
=T — ) 1 —
g N+1mzzo N+1 Og2N+1(N+1> fm) (ml
1 > N \" 1 N \™
- — ) 1 — ) (K k
N+1kz0 N+1> Og2N+1<N+1> $lm) (mlk)
M= :5km :amk
1 > N \™
= — 1 [ -
N+1 0g2(N+1>7;)(N+1>
=N+1
1 N s N \"
S | = _
N+10g2<N+1>mZ::0m(N+1>
=N(N+1)
= (N +1)logy (N +1) — Nlog (N),
(A.0.2)
we conclude that
S(p) = g(N), (A.0.3)
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where
z+ 1)log, (x +1) — x logy (x), x>0
0 =0
is a continuous concave monotonously increasing function for x > 0.
In addition we state from [16][V.§1], that the operator (A.0.1) has the maximum entropy
among all density operators p satisfying

Tr (paTa) < N. (A.0.5)

Since a' @ is just the number operator the quantity N is just the number of photons of the
system.
For a general n-mode Gaussian state with covariance matrix v the eigenvalue equation

det (y —ivd) =0, (A.0.6)

where J denotes the symplectic matrix (4.1.24), is solved by a set +{v;} which we call in
the following the symplectic eigenvalues of . Hence, if 4 is the matrix « in diagonal form,
then we find that

v = diag(V1, «ovy Unj V1, o Vp). (A.0.7)
For each matrix

yi = <”j 0) , (A.08)

0 l/j
we the relation between the symplectic eigenvalue v; and the number of photons N; reads

1

N, 4=

Vj it 9’

with N; > 0 and v; > 1/2 (due to the Heisenberg uncertainty principle (4.1.27)). If we
assume now a n-mode thermal state py,, i.e. a state with a covariance matrix 4 we find
with the help of the subadditivity property of the entropy (4.2.9) the relation:

S(pm) = S(pen,1) + S(pemz2) + - + S(pinn), (A.0.9)

where pih = pin,1 @ ptn2 @ ... @ penn. Therefore the total entropy of py, reads:

n

(o) = Do) = Yo (Il - 3 ). (A010)
j=1

j=1

where the sum of the latter runs just from 1 to n (with the abs-function) and not 2n since
all v;’s are doubly degenerate.

Now we extend that result to a general Gaussian state with a possibly non-diagonal co-
variance matrix v. We define the function

G(a?) = g <:c _ %) (A.0.11)
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and rewrite the second equation of (A.0.10) as
= 1 = 1

> g (|Vj| - 5) =Y G()) = ST (G(=(T7'9)%).-

j=1 J=1
By applying passive (trace preserving) symplectic transformations S we may write

5 =5~ST.
Furthermore, we state that
Ty = (STST)1SyST = (ST) (I~ 1)sT,
and
G(=(I'3)*) = (SN)'G(= (T 1y)?)sT.

Thus, due to cyclic permutations in the trace, we obtain the final expression for the entropy

of the general Gaussian state p with covariance matrix v with symplectic spectrum {v;},
that is

() = 3T (G- 7) = Lo (Il - 5) (A.012)

We conclude that passive symplectic transformations applied on the covariance matrix do
not change the entropy of the state.



Appendix B

Lossy channel with non-Markovian
memory

We will investigate now a lossy bosonic channel with Non-Markovian model, which was
introduced in [24] and apply the same steps as for the Markovian model such as the concept
of quantum water filling to find the true capacity above a certain threshold. The covariance
matrix for the environment is given by

1 [ews 0
ﬂ)/env - 5 < 0 ewﬂ> 5 (BOl)

where w € R, 2 as in (4.3.65). Thus, as the inverse of this matrix is not three-diagonal the
generated stochastic process cannot be a Markov process. The input reads as in (4.3.64),

ie. 0
1 /e" 0
Yin = B} < 0 6_7{2) ) (B.0.2)

with squeezing parameter r. In addition the proposed modulation is defined by

n(1 = exp(r))70 (¥ 0
Ymod = Tr(exp(yQ)) < 0 eyg) s (B.O.?))

with the unconstrained correlation strength y € R and the fraction of energy used for entan-
glement by (B.0.2) 7exp(7), which will be defined shortly. Here, in addition a beam splitter
interaction with the environment is introduced. Denoting the beam splitter transmittivity
by x, the covariance matrices than read

Yout = XVin T (1 - X)'Yenva

it (B.0.4)
Y = Yout + XYmod-

In [24] a numerical optimization over the squeezing parameter r and classical correlation
parameter y was performed. However, we already know that a water filling modulation is
optimal in the whole power regime. As for the Gauss-Markov model which is discussed in
this work we will hence also be able to find the true capacity above a certain threshold
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value of the input power. We follow now the same steps as in section 4.3.1. Let us assume
that the given input power is sufficient such that Vz the input will be squeezed “noise-like”
and that there is enough power left, such that the full system can be modulated. At first,
we state the input (B.0.2) is actually optimal for » = w (above the threshold), since its
spectrum is than identical to the one of the noise, i.e.

. 1
Nfp(w) = 520 = X2 (@), (B.0.5)

with plus for the Z-quadrature, minus for the p-quadrature. We remark that due to the
beam splitter interaction in the region above the threshold the spectrum of the output is,
as well as the input, identical to the environment:

out in env env
)‘x,p (‘T) = X)‘x,p(x) =+ (1 - X))‘x,p (CC) = )‘x,p (CC) (B06)

The fraction of energy used for entanglement for given w reads

Texp (W) = %(-70(210) -1), (B.0.7)

which is identical to (4.3.70) where we already used such an input. If we apply again the
water filling solution for the modulation, i.e.

mod out env
)‘x,p (CC) =M= )‘x,p (‘T) = K= )‘x,p (‘T) (B08)
with
1 . _
= /da: )\m‘;d = (1 — Nexp(w))7, (B.0.9)
0

we retrieve an inequality similar to the one in (4.3.22), which needs to be fulfilled in order
to modulate a the full spectrum, whereas now the beam splitter transmittivity x is taken
into account:

™

XT(1 — Nexp (W) > 71')\21”(0) — /da: AU ()

0
™ ™
_ — 1 2w 1 in 1 env
S X = Ve = 562 = x = [ da AP(@) (1=~ [de X™(@)  (B0.10)
0 0
| S | S ——
=Nexp (W)A+ 5 =11I0(2w)
&Sn > 5; (e - (1- X)IO(Qw)) —3 = Tlexp,s (W).

where Iy(x) denotes the modified Bessel function of first kind. With Tieyp, s we characterized
for the given model analog to 7is(¢) the input power which is needed to modulate the
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full spectrum, assuming we match for the whole input spectrum the noise anisotropy.
Furthermore, we can derive an explicit expression for the water filling level, i.e.

™

1
= X(1 = Nexp(w)) + — /da: AOUE ()
s (B.0.11)
_ 1 1—x
=xm+ 5) +—

10(2’11)),

which reads equivalent to (4.3.25). If @ > T cxp We assume that the modulated output of
all channels is identical, i.e.

Ae(z) = Mp(x) =, Vaz. (B.0.12)

Hence, using (4.3.27) we find the capacity of the system, if @ > Tiexp s(w), that is
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= g(ﬂ — 5) — % /d.ﬁt‘ g <\/§e2wcosac§€—2wcosac _ §>’ n > ﬁexp,s(w) (B.O.lg)

1—x
2

1
10(2?11) - _> , mZ= ﬁexp,s(w)a

Zg(x(ﬁJrl)Jr 5

2
Interestingly, due to the beam splitter interaction the second term which contains only
environment terms completely disappears and we arrive therefore at a full analytical ex-
pression (unlike the integral in (4.3.30)).
Below the threshold a numerical optimization over the squeezing parameter r with the
input spectrum

)‘lxr:p _ %eiQT cos (:E)’

is performed, with plus sign for the Z-quadrature and minus sign for the p-quadrature.
The fraction of power used for entanglement reads as in (4.3.70) but is now a function of
r instead of w, i.e. Nexp (7). As we know that we can no longer modulate the full spectrum
we define the modulation by

(B.0.14)

Aped(z) = Oz — a)(n — AP (@) = (1 = X)A (@),

mod in env (B015>
Ap (@) = O(m — & — a) (1 — XAy (c) = (1 = )N, (@),

where p = YA (a) + (1 — )N\ (a) and « is determined such that

s

l [ 2z AP () = (1 — r)n
0/ e A2 (@) = (1~ ()7 (B.0.16)
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Figure B.1: Input and modulation eigenvalue spectra using either the modulation (B.0.3)
(dashed-dotted and the dashed line) or the quantum water filling method (dotted and the
solid line) vs. the spectral parameter x. All curves show spectra of the z quadrature.
The optimal squeezing with water filling modulation is r* = 1.52. The optimal squeezing
and correlation factor with modulation (B.0.3) read (r*,y*) = (1.48,—0.31). Here we took
n =38 w=1.6,xy =0.7.

The capacity then reads

™

1 1
Coxpis = — | dz g(v(z) — =) — g(v°"(x) — =), < Mexp.ss B.0.17
exp,is nexp%?ex[o,u - 0/ x g(v(x) 2) g(v°"(x) )y T < Mexpys ( )

where the symplectic eigenvalue functions 7(x),v°"(z) read as in (4.3.28).

In figure B.1 we plot the input and modulation spectra which result from a numerical
optimization over 7,y using modulation (B.0.3) and a numerical optimization over r (or
Nexp(7)) using water filling for modulation in an area where T < Tiexp s(w). The numerical
optimum (which corresponds to the numerical capacity) uses slightly more squeezing than
when using modulation (B.0.3). The improvement of the transmission rate using the water
filling modulation is demonstrated in figure B.2, where the optimal transmission rate for
both ways of modulation is shown versus the memory parameter w. The dotted line shows
the theoretical curve (up to @ = Tiexps) Which does not connect precisely with the solid
curve (which denotes the optimization with water filling modulation) which may be due
to numerical errors.
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Figure B.2: Optimal transmission rates vs. noise parameter s. The dotted curve (up to
T = Megp,s(s) shows the true capacity Cexps. The dashed line denotes the transmission
rate using modulation (B.0.3), where the solid line shows the numerical capacity Cexpis
(where o < Tiegp,s(s)) using the quantum water filling method (4.3.71). Here we took
n =8,y =0.7.
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